











Figure 2: Frequency of rejections for H§ : p = 0 and a = 0, N=100, 200, T=10, Exponential

heteroskedasticity.
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Figure 3: Frequency of rejections of the conditional tests for HS : p = 0 (given a # 0),
N=100, 200, T=10, Quadratic heteroskedasticity.
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Figure 4: Frequency of rejections of the conditional tests for HS : p = 0 (given a # 0),
N=100, 200, T=10, Exponential heteroskedasticity.
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Figure 5: Frequency of rejections of the conditional tests for Hf :

N=100, 200, T=10, Quadratic heteroskedasticity.
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Figure 6: Frequency of rejections of the conditional tests for H§ : a = 0 (given p # 0),
N=100, 200, T=10, Exponential heteroskedasticity.
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APPENDICES

Appendix 1

This appendix derives the joint LM test for testing Hj : g = -+ = oy, = 0 and p = 0.

The variance-covariance matrix of the disturbances in (4) can be written as

Q = (Iy@ur)(diagh(zia) @ It)(In @ vr) + INQV
= diaglh(zia)| @ Jr+ Iy @V, (A1)

where Jr is a matrix of ones of dimension 7', and diag[h(zja)] is a diagonal matrix of
dimension N x N and V is the familiar AR(1) covariance matrix. The log-likelihood function

under normality of the disturbances is given by
1 1 'O—1
L(53,0) = constant — 5 log |2 — U Q (A.2)

where 8’ = (0%, p,a’). The information matrix is block-diagonal between 3 and 6, since
H§ involves only 0, the part of the information due to [ is ignored, see Baltagi (1995).
In order to obtain the joint LM statistic, we need D(60) = (0L/00) and the information
matrix J(8) = E[—0L%/0000'] evaluated at the restricted ML estimator 8. Under the null
hypothesis, the variance-covariance matrix reduces to 2 = ai([ N ® Jr) +02(Iy @ Ir). Tt is
the familiar form of the one-way error component model, see Baltagi(1995). Under the null

hypothesis we obtain
Q' = (0}) ' (In ® Jr) + (02) " (In ® Ex), (A.3)

where o] = To}, + o?.

Following, Hartley and Rao (1967) or Hemmerle and Hartley (1973),

OL/00, — —;trm*(m/aa)u;[u'sz—l(a@/aer)a—lu], (A1)
L 100 00
{_aeraoj = 5o 26, aej’ (4.5)
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for r;s =1,2,---,p+ 2, see Harville (1977). Then, we obtain the following quantities

dlog L

90?2 mg = In®Ir
Olog L . B o
O(i s = dzag(h’(al)zik) ® Jr = h'(ay)diag(zi) @ Jr, k=1,---,p
dlog L o
ap Hg - O-GIN ® G
_,0log L 1 _ 1
1 _
Q 80’2 = (O'%([N®JT)+O'E(IN@)ET))([N@[T)
1 - 1
= U?(IN@)JT)WL;(]N@ET)
_,0log L 1 _ 1 .
Q IT% = (;%(IN ® Jr) + ;E(IN ® ET)) (h/(al)(dzag(zik) ® JT))
h(« ,
B Sc%l) (diag(zir) ® Jr)
_,0log L 1 _ 1
= 02((i[ ®j G)—i-(if ® E G)):g2[[ ®(j G/U2+E G/U2)}
€ 0_% N T O'z N T € N T 1 T P
Olog L 1 _ 1
-1 1
Q T,EQ = ;%(IN(X)JT)‘FOTEL(IN@ET)
_ 8logL _ h’(@l) ) 1 B 1
Q 1T%Q 1 pe (diag(zir) ® JT)(;%(IN ® Jr) + U—E(IN ® ET))
h(« ,
- ((7%1) (diag(zix) ® Jr)
Odlog L _ 1 B 1
-1 -1 9 9 5
¢ Tpg - Y [IN@ (‘]TG/Ul +ETG/UE)KU%(IN®JT)+OE(IN®ET))

= (v @ ((Jn/ot + Br/o?)G(Jr/o + Br/o?))]

Straightforward calculation of partial derivatives, evaluated at the restricted MLE, yield

oL 1 o) o002

1
. -1 T~ —1 —1\ ~
80§|Hg B ZtT[Q 802} * 2" (Q 80§Q )u
1 1 - 1 1.,,1 - 1 -

1 . . 1_,,1 - 1 -
- —2(N/U%+N(T—1)/Uz>+2U/(61111N®JT+5_3[N®ET>U:O
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oL |
6% s

et
dp g

Th/(Oél) N h, 061

D(p) = —5tr[Q”!

W' (a1)

4
1

(diag(zn) ® JT))
h/((l/1)
201
h, 011

2(71

W' (diag(zn) @ Jr)u

Z Zi iy Ji;

i=1

>zl Z

=1 t=
ﬁ:zil(w o 1)

Z ((Et 1 Uzt> . 1) (sz’nce 2 = 1)

2(71

=-1m~[ . ”J 37 (0 o)

aak

h()

(diag(z) ® JT)) u

o0

8(2 1
Fril N

5]+ (7507

tr O’E{IN ® (jTG/U% + ETG/U?) H

o {O‘S{IN ® ((jT/O'% + Br/o?)G(Jr /ot + ET/0§)> Hﬂ

tr(JrG) /ot + tT(ETG)/Uz)
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+ %1y @ (/5% + B/ 5% + /o) o
_ No? (2(T —1) 2(T-1)

r(Crr T ) (since tr(G) = 0,tr(JrG) = 2(T —1)/T)

G (I @ (/a3 + Bef02)G U 6% + En52)0

N(T —1) 62 — &2
T 51

O - T s . = . o\ ~
o In ® ((Jr/33 + Br/62)G(Jr/53 + Er/5?))] . (A.6)
where @ = y — X3 v 1s the maximum likelihood residuals under the null hypothesis H{,

and & is the solution of D(d&;) = 0 while 2 is the solution of D(%) = 0 from (A.6). Thus,

the partial derivatives under H{ are rewritten in vector form as

D(5?) 0
D@)=| Da) |=| =z |, (A7)
D(p) D(p)
where D(&) = (0, D(a2),- -+, D(&,)), W (&q) is the evaluated value of Oh(ziex)/ 0zl when
ag=-=a,=0and Z = (21,--,2xy) and f = (f1, -, fn), fi = (O, @) /T — 1.

Also, using the the results of Harville (1977), we obtain the information matrix under the

null hypothesis H:

p[- L8| = Wl Suvedn+ Suvemn)]
= ;tr[l [61In ® Jr +1/6! Iy ® Er]
_ ];[(1/&‘1* + (T —1)/5?)
~ ol = vl s Gyt Br) (G dast) o.0)
_ h;(;l) tr|diag(zi) ® Jr|
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0?log L
do20p

_ PloglL
0p?

B 0?log L
dpday,

0?log L
Gakaal

Hg

Hg

Th (&) &
26% E:;%b

i=1

k ::17"'7p

1 52 _
—In® ET) (T;IN ® JrG + Iy ® ETG)}

;tr[(llN®JT+ 5

1 |
itr[ EIN ® JrG + ~21N ® ErG|

N(T—1)~2(1 1)

T 7\G 6l
&f - 2
5157“[(72[1\/ R JrG+ Iy ® ETG) ]
1 4
itr[ Iy ® JrGJIpG + 2 ~21N ® JrGErG + Iy ® ErGE:G]

N (24 (T— 1)2 —|—2a(2T—3) +T 1)

;tr[(g%[]\[ (29 jTG —+ [N X ETG> (hlé?)dzag(zlk) (29 JT>}

B'(&1)6? ¢
Tii‘tr {d@ag(zik) ® JTG}
R (&)6%2(T — 1) &

251 2w =
1 /b (@)
§tr[< ~2
TH (&y)?

267

2K (&

‘71

- 1)h’ )52

: Zzzk

diag(zy) ® JTH

diag(z)  Jr) (“)
tr [dzag(zzkzll) ® JT}

Zzzkzzla k7l = 17"'ap' (A8>

Therefore, information matrix under the null hypothesis H§ can be obtained in matrix form

as

where J,, = N[2a*(T —

N/1 T—1 N(T-1)~2( 1 1 Th' (o) +7 T
YaE+ 5 MRl (EH &) 21 N2
N(T-1)~2( 1 1 7 (T—1)621 (o) 1
e\aT — ?) Jop TLNZ ) (A-9>
/ _1\523/ 21,/ 2
) 7 n T=Doch () gy TR () hEm) 2'7
o1 o1 20 |

12 +2a(2T — 3) + T — 1],a = =2,
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Let

YT MEa(-)] [ B
A — 9 B — )
N(T-1)-2(1 _ 1 7 (T=1)52h (1) ;1 7
T e (&‘11 53) Jop 51 LN
C=[ iy Tzl ey | p=| Thlzz ],
207 o1 ’ 207
then J,() can be written as
. A B ( )
J.(0) = . A.10
) C D
Using Searle (), the inverse of partitioned matrix can be obtained as
00 O
. I -1
L@ =100 0 |+ (A-BD7'C) |I, - BD™']. (A.11)
-D-'C
0 0 D!
In (A.11), we obtain
Th' (o) :
BD'C o ( ap (2'2)7") | Bz Egken 7
= — N i =
(T-V&20 (@) ;1 | T2 (0n)? 2% N 71 N
N N(T-1)52
1 Tal
B N(T-1)62 2N(T-1)%54 ’
T51 12561
N(T-1) N(T—1) N(T-1) N(T-1)
267 T2 252 T Ts?
A—-BD'C= =
_ N(T-1) j _ 2N(T-1)%5¢ _ N(T-1) C’
T2 PP 7254 T2 pp

det(A— BD™'C) =

N(T = 1)(T%C,, — 2N(T - 1))

27254
27254C,,

2752

N(T—-1)(T2C,pp—2N(T—1))

(A-=BD™'C)™" =

2752

T2C,,—2N(T-1)

T2

T2C,,—2N(T—1)

Also we obtain

(0) [

|

—D~1C

T2C,,—2N(T—1)
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1 0

= (0 D(p) D(&)) 0 1
Th’(a1 (Z/Z)_lzliN QT(QT(Z’Z)*Z’LN

1 0

= <OD(p) Th{ )fZ> 0 1
201
Th’( )(Z’Z)_lZ" 2T(Zh,(1) ) (Z'Z) Y Z'in
= [~ 222 Zin D) - CHE P22 2) 2y |
A

= [0 D(ﬁ)]? (A'13>

where the fourth equality follows from the fact that the first column of Z is iy and the last

equality follows from the first-order condition in (A.6).

Therefore, the LM statistic for the hypothesis H{ is obtained by

LM, = D(O)J 1)D(0)

00 0
= D) |0 0 0 |D(@®)
0 0 D!
5 I » R
+ D(6) e (A= BD7'C) |I, — BD™'|D(#6)
0
= D(a)D'D(a 0 D()|(A-BD'C
(&) (@) +[0 D) ] ( ) D(ﬁ)}
1 ! ! —1 7l T2 5 2
= 5/'2(Z'2) Zf+T20pp_2N(T_1)D(p), (A.14)

where C,, = J,, — QN(;Q_I)Q%, J,p is given by (A.9). The LM statistic of (A.14) is the
1

familiar term used in testing the heteroscedasticity in Breusch and Pagan (1979). Under the
null hypothesis, the LM statistic of (A.14) is asymptotically distributed as X%.
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Appendix 2

This appendix derives the conditional LM test for testing H : p = 0 (given a # 0). The

variance-covariance matrix of the disturbances is given by (A.1). Under H} we obtain

where w? = Th(zla) + 2.

Q = diaglh(zia)] @ Jr + 02Iy @ I,

1 - 1
O dzag( )®JT+—2IN®ET
o

€

“’N)

€

Then, we obtain the following quantities

Olog L
do?
Olog L
day,
Olog L
dp

b
HO

b
HO

_,0log L

2
Oo?

dlog L
Ot
8ak

Q_1810gL

In ® Ip
diag(h/(zgd)zik) ® Jr

U?[N®G

—_

1
—)® Jr + 7IN®ET)(]N®]T)

7

1
)®JT+fIN®ET

(dz’ag(

\Hs

diag( 5

g

6

—_

(dz'ag

B (zl&)zik

dz’ag( ) ® Jr

(diag(—3) ® Jr + 012IN ® Er)(o?Iy ® G)

(m@(éﬁyhc+m®ﬁwﬂ
®

(diag(u;) ® Jr iIN ® ET) (U?IN ® G) (d@@g<i2)
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(B.1)

1
)®h+fM®&MWMW#WM®h)

4
W”?ﬂ@#%“ﬂb®h+lm®%)

1
® Jr+ —In ® Er)

E



= (dzag(%) ® Jr + iIN ® ET) (IN ® G) (dzag(%) ® Jr + i[N ® ET)

6 E

Using the results of Hemmerle and Hartly(1973), we obtain under the null hypothesis Hg :

dlog L

bk - ) B
— —;tr[dmg(; )@ Jr + 01 IN®ET} 1 ;u (dmg( ! )® Jr+ - ! IN®ET>
_ _; i (@12 + T3—21> 4 ;a’ [d@'ag(ﬁlgl) ® Jr + alle ® Er|i
= 0

o = 00 =gl g (o)
_ _;tr[diag(}/(fg)z’k) ® Jr| + 5 (dwg(W) ® Jr )i
- MR ey (M o
=0, k=1-p

T, = D)

- —;tr [ngg] + ;ﬁ’(ng?Ql) i

= —;tr [diag(gé) ® JrG + Iy ® ErG]

.

i | (diag(1/0?) @ Jr +1/62Iy ® Er)(Ix ® G) (diag(1/d?) ® Jr +1/62Ix ® Er)|i
(

) _;(2 T-1) EN:l 022 - 2N(7;—1>) (since tr(G) = 0,tr(JrG) = 2(T — 1)/T)

+ 023 i | (diag(1/07) @ Jr +1/62 Iy ® Er)(In ® G)(diag(1/i}) ® Jr +1/62Ix ® Er) i
_ T; 1 é (w2w—202>

+ U; '|(diag(1/a?) @ Jr +1/62y @ Er)(Iv © G) (diag(1/d?) @ Jr +1/571x © Er) |

(B.2)
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where @ = y— X34, ¢ is the GLS residuals under HS, @2 = Th(zlé&)+052, where & is the ML
estimator of a and 2 is the solution of D(62) = 0 under H}, and h/(z/&) is the evaluated

value of Oh(zla)/ Oz/av. Therefore, the partial derivatives under HS can be written in vector

form as D(&f) 0
DO)=| D@&) |=] 0 |. (B.3)
D(p) D(p)

where D(a) = (D(&y),- -+, D(&,))". Also, using the the results of Harville (1977), we obtain

the information matrix under the null hypothesis H{:

E[—ai)lz%L} w = ;tr[(dwg(l)®JT+01[N®ET)}
= ;tr[(dzag( ! )®JT+ ;4]N®ET>]
1 X1 T—l
— k(G
(= Gatonc g = arl(dan() @ Jr Gyt o )i (MEE) 0 )
= or|(diag("ED & 1)
N (A
S T
B[~ 28 = Yirl(dias( ) @ T + Sty e Br) (diag(25) © 16 + Iy & 5r)
= ;tr diag(Z?) ® JrG + 812]]\; ® ETG}
(rT-12 1 1
- oxlEa)
0%*log L
E[_ 3Op§ }Hg

= ;tr{(dzag(;) ® JrG+ Iy ® ETG) }

_ ;tr [dzag( ) ® JrG.JrG + 2diag( 2) ® JrGErG + Iy ® ErGErG
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= 30t it (GRG) +23. tr(RGEG) + Nur(BrGEG)

Z

_ [264/w4t7’(JTGJTG) + 22 7 tr(JTG2 - jTGjTG)

Z

+N tr (G2 — 2J7G? + JTGJTG)}

- ;[ 63/1@;‘4(T—1)2/T2+225}2( 2T — 3)/T — 4T )/TQ)

+N_(2(T — 1) = 4(2T - 3)/T + 4T — 1)*/T?)]
(sznce tr(JpGJrG) = 4(T — 1)? /T2, tr(JpG?) = 2(2T — 3) /T, tr(G?) = 2(T — 1))
= A sz - 12+ 22 Sty (-

i=1 i=1

~

= Qpp

E[ - %Zlgif} - tr{(diag(W) ® Jr) (dzag(AQ) ® JrG + Iy ® ErG)|

= ot (diag (M) ¢ )]
T — ~2 N h/ ; R N / Z{A ;
_ . 1)5; Zz::l (ZZBO;)Z b (T - 1)82 ; h (z@(;)z !
621 VY i I l{/\ ;

B Gargorlly = atl(dion("EEE) 0.0 () o )
= tr{(diag(h/(zgajjzmzd) ® JT)}
= T:AN }W’ k’l:L...’p‘ (B4)

Let W = diag(w?,---,w%) and H = diag(W (#,&), -+, W/ (zy&)), then, in vector form, we
obtain the following quantity

- 0%log L T
E|— = —Z'W2Hi
L 00200 Y H] 2 o
- 0%*log LA
E|- = (T —-1)3:Z'W*Hi
OpOax 1Hg ( Jo.Z'W " Hin
- 0%log Ly T?
E|— = —Z'W?H*Z. .
L dada! 11H; 2 we (B.5)




Note that from (B.5) we obtain

W™ 2Hiy =
~4 / N
211 221 ZN1 1/2y 0 L 0 b (21 &)
212 %22 ZN2 0 1/ws --- 0 0
Flp  *2p ZNp 0 0 1/a%, 0
ZN h’(zgd)z“
1o A A4 i=1 wl
Z11 221 ZN1 h,(z}a)/w}l N (0
A o i 03
Z12 222 ZN2 B (Zyé) /s PRI =
pr— pr— 1
1 A ~4 . .
“1p  <2p ZNp N (zZya) [y N W (),
2ict !
W H?*Z =
~4 11 AN2
Z11 ?21 ZN1 1/7 0A4 T 0 W (z1&)
212 222 ZN2 0  1/wy --- 0 0
S ; : : » :
lp ~2p Np 0 0 1/wy 0
211 R12 Z1p
221 k22 Z2p
X . .
ZN1 <N2 ZNp
K (2 O0)2?
(5Q) 0 0
211 %21 ZN1 ! A
(2L )2
Z12 %22 ZN2 0 % 0
— . . . 2
Zlp  <2p ZNp h’(z?va)Q
0 0 e
N
h/(ZﬂOAi)QZu h’(z2(14)2221 h/(ZN%)QZNl
! W2 “N z z
h’(z'la)2z12 h’(zéa)ngg h'(zNa)2zN2 Zn 212
= - I 21 22
— 1 2 N .
h/(zlld) 21p h/(zéa) Z2p h’(zfvd)Qsz N1 ~N2
Wi Wy Wy
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W (zy0)
0
0
W (z56)?
0
211 *12
221 %22
ZN1 ZN2
le
ng
ZNp

o O
—_

o O
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ZN K (2] a)2 ZN B (2] OC) zilziz ZN K (2] a) 2i1Zip

w; W} W}
ZN K (2] a) 2i1%i2 EN h/(z;(f,lf)zziz2 o ZN h’(z’a) 2i2%ip
N h/(zéa)inlzip N h/(zéa)QZiZZip N hl(zéa)zzzgp
Zi:l W’ Zi:l ! T Zi:l w?

Thus, the information matrix with respect to 8 = (02, p, @)’ under the H¢ can be written in

vector form as

s (ot 5) TS (3 - ) 52'W " Hiy
Jy(0) = | C-no2 5N (& - &) i, (T —1)62ZW—2Hiy |, (B.7)
TiWHW=2Z (T —1)6%HW2Z T Z'WH*Z

where d,, = 205 1 (67 /@7 - 1)? + 2L TN (62 /7 — 1) + (T - 1),

Therefore, the resulting LM test statistic for testing H? : p = 0 (given a # 0) is
LM, = D()'J,(6)"' D(8) = J,(8)" D(p)* (B.8)

where J,(0)7 is the element of the estimate of the inverse information matrix correspond-
ing to p evaluated under Hy. Under the null hypothesis, LM, in (A.21) is asymptotically
distributed as x?*(1).
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Appendix 3

Let us consider the LM test for ay = --- = a;, = 0 (given Ji > 0 and p > 0). The null

hypothesis for this model is
Hf:ay=---=a, = 0(given Ui>0andp>0) vs HY : not Hy (C.1)
The variance-covariance matrix of the disturbances is given by (A.1). Under H§ we obtain

Q = oo(In®Jr)+(In®V)
= O'i([N@JT)—i-O'?(IN@E), (CQ)

where X = ﬁR, where R is the AR(1) correlation matrix. It is well established, see for

e.g. Kadiyala(1968), that

1-=p)Y2 0 0 --- 0 0 0
—p 10 -~ 0 0 0
C = : SR (C.3)
0 00 - —p 1 0
0 00 - 0 —p 1

transform the usual AR(1) model into a serially uncorrelated regression with independent
observations. Therefore, one can obtain the transformed covariance matrix and given by
Q= (Iyo0)Q (Iyed)

= o.(Iy®CJrC") +o(Iy ® I)

= 0,(1—p)(In ® J7) + 02(In ® Ir)

= (Poh(1-pPIx @ Jp) +0i(In @ I)

= N(Iy®JY) +o*(Iy ® ES) (C.4)
where Cip = (1 = p)ig, iy = (8,1,---,1), § = /i, & = i}/if, =  + T — 1 and
M= d2ai(1 —p)? + 02
Therefore, Q*~! given by

_ 1 _ 1
o = P(IN ® J2) + ;(IN ® EY). (C.5)

€

39



Since € is related to Q* by Q* = (Iy ® C) Q (Iy ® C"), Q! is given by

Q1 = (Iyed)Q T (Iye0)
! 1 T / ]‘
= <1N®C)(F1N®Jg)(m®c>+(1N®0)(;1N®E;)(IN®C>

1 - 1 1 _
= 20 + —(Iv© C'C) = —(In © C'J;C)
- Liyes L Dveone
= ;E(N@) >_<O_g_)\2)(N® 7C)
1 . 11 1 e
1 _ 2 - -
= SUvex) -~ (Sh) e e

where the last equation follows from i, = Cir/(1 — p) and C'C = ¥~

1) Partial Derivatives

Using the formula of Hemmerle and Hartly (1973), we obtain

0N} o, o?
o 2 < (]
o (9p(1—,02(N®R))
9 2p 1
= o2 ((1 Ry (In@R)+ 17— > (Iy® F))
2
0-6
= 125 (20(Iy @ %) + (I ® F))
0N a . ,

= h/(%)(dmg(zik) ® JT)a k=1--p

where

0 1 2p e (T —1)pt2
OR 1 0 1 e (T —2)p"3
F=—= : : : : :
dp

(T - 1)p™2 (T —-2)p"= (T—-3)p"4 .. 0

Also, we obtain the following quantities,

L, 00

Oo? | Hg

)
9

- 5—12{(IN e 57 - (33)Un e B I }(UIn @ 8
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= Sluxom - (C)ure s
ngg 5 = 613{([N YY) — (‘j) Iy @S- }{ (2p (Iy® %)+ (Iy® F))}
= - _1/32 {2p(Iy ® Ir) + (Iy @ 57" F) — (2p )(IN ® 27V Jr)
() o505 R)
Q—1$ e = 016{(1N®2 h— (i ) Iy ® £V IrE ) HH (@) (diag(za) © Jr) )
_ h'g‘g‘l) { (diag(z) ® £ 1) - (Z\‘Zf) (diag(za) ® £~ 2V Ip) ). (C.8)

Therefore, we obtain the following partial derivatives with respect to @ = (¢, a, p)’ under

Hf -

Op g

oL 1 o0 100
gl = a1l 4 o7 5]
i 2
= —;tr_(;((IN ® Ir) — (%)(IN ® E_lz]T))}
1,01 _ 5
30 {7 v ®27) - (&Z?)UN@ ST (v © %)
~2
.{;E(INQ@fJ_l) - (&E:Q)(IN@@E s}
201 _ A\242
_ _;&S[NT_ (Nd (1;\2 p) Ju)}
2
+5[{ Iy 0 £7) = (S5) Un e 3RS} (v 0 )
0-6
2
(v 87) = () tw o 37
g
. (C.9)
1o 007 1,009
—gtrlen gl g le g e



1 " 2p6> .
= {29y © Ir) + (Iy @ £7F) — (L34 (Iy © £V )
L=p A

A2

_(n
<2

: YUy @S S F)

~9 ~
- 2(17412’[{ (Ives) - (;‘;IN @SSy USAQ (20 (In @ %)+ (Iy @ F)) }

{(Ives) - (?IN © s}
_ 1_1;) [2pNT + Ntr(S7F) — (Qﬁ&iNd;?(l - i))z) B (]\;(ZZ)L/TE]—IFE—ILTH

T (2 v 9 %) + (I o P)))

)
+ al{(vo s - (e )

{vos) - Cive sz a

= 0 (C.10)
oL Lo 92 L 00
daqlHs — 2 [Q 8041} [Q aalg }u
= _1tr[h/((;524 ){(diag(zil) ® ) — (}\g)(dzag(z 1) © XTI 1JT)H
+ 21 @{(Ilves™) - ((;’;IN @S IS ) MW (60) (diag(za) @ Jr) }
{ves) - (Z”IN @27 E) ja
62dA(1 — o)t N
— h( ){ Zz —(i A) z:lzzl}
" h’;j;) (v o5 - (T 1y @ 570,57 (diag(z) @ 7))
{(1xo57) - (v o 05 )
(1) + . 02622 1—p)2 &
_ —hz(&f)d(l—p) -~ <A ]Zzl
(), 5

2% il |diag(zn) ® (E‘leE‘l—27’2‘2‘1JTZA]‘1JT2‘1
A
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oL

6ak Hg

~4

+ 2SS S s a
A

(& CiQ —) 2 N / a) )
- (61) A(g Z Zi + 41 Z zi U At
2\ i=1 O¢ =1
h d2 1—p)? N
(&1)d ( i da; - 1)
2\ = N1
0 (C.11)

D(ak)——;tr[a lgi] ; 'l 1529 a
1

_tr[h/((;;l) {(diag(Zﬂc) ® 2—1JT) _ (;)(dwg(%k) 2 i_IJTi_IJT)H

€

~2
= [{(Ive ) - (;gIN ® SIS MK (@) (diag(za) ® Jr) )

{(vo ) - (1ot a7

R (G1) 2 o d2(1 )P Y
- 267 d*(1 = p) {1 )\}sz
(o) o,

e U {dzag(zlk) (ﬁ]’lJTZ’l - 2;\‘2‘21JT§]1JTXA]1

~4
+%2-1JT2-1JT2—1JT2—1)}71
A

R (6)d?(1 — )2 & () & .
ICOIGEE ) SN S
2 i=1 i=1

WA CZ2 1— 5 2 N 5\2 ~
(041) A(Q P) Zzzk(A—4a/zAal _ 1)7 k=2 ---,p (C,12)
2\ i=1 d*(1 —p)?o.
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where u =y — X BG g 1s the maximum likelihood residuals under the null hypothesis H, p,
6% and & is the ML estimates of p, o2 and ay, respectively. Also, (3i is the value of h(d)
and h'(d) is the evaluated value of Oh(zlax)/ 0zjoc when ay = -+ = a;, = 0. In addition,
the second equality o and 2& ’ uses the fact that tr(X7'Jp) = tr(ip, S tip) =
d*(1 = p)? and tr(S~LJpn- 1JT) tT(LTE lip)? = d(1 - p)t, and A = (D7Dt -
2SS S 4 ST ST S ST, = ().

faL

Thus, the partial derivatives under H§ are rewritten in vector form as

0
D(5?)
. 0
D.(8)=| D(p) | = y ; : (C.13)
n d(1—p
b (@& =02
2\
where D(&) = (0, D(4s),---,D(&y)), and Z = (z1,---,2n) and f = (f1,---, fn)', where
Yy
fi= B 21uiAuZ 1

2) Information Matrix

Also, using the the formula of Harville (1977), we obtain

0L 1 g1 o, 2
B[ - 0(02)2}% - 2”{{63(” @) = Sl ek Jr)} |
1 1 52 5
- §tr{A—4(IN ® Ir) = 2—5(Iy © 7" Jr) 1(Iy ® 571 ISl r)|
Te a.A o
NT &, ) e 5, _ .
= 257 Aé;\2tr[(IN ® ipX LT)] + 2A§)\4tr{(IN ® (ipX ™ ip) (U2 LT))}
_ NT N&2d*(1—p)*  Nojd'(1—p)*
20 FN’ 253"
~2 72 ~\2 ~d 94 ~\4
_ N (1_20ud (1=p)* o,d(1—p) (T—l))
267 32 W
_ N (- G2d2(1 — p)2)z LN -1
262 3\ 26%



N,1 T-1
2ot %)
Clee) (C.14)
1 1 52 .
= 2157"[63{(]]\[ ® ]T) — 5\75(]1\7 ® E_IJT)}
1 X "y D6 .
=7 {2p(In ® Ir) + (I ® £71F) — 21;@ % S p)
~2
g A ~ A
—Xg (Iy @S S F) ]
1 o
= — —tr|2p(UN @ Ip)+ (In @ X F
2062 . 52 . .
01y @S ) — 228 (Iy @ SRS LR
A
Qﬁ&i 1 7 -1 6?1 17 =17 s—1p
+ Iy @ ST ST ) + S Iy @ ST SR
A
. . NCZ2 1—7 2424
— S [2PNT + Ntr(S7'F) — 4 ( Af) Tul
2<1 - P )Ue A
N&2 R o ch4 1 — 54645
—2 A(;“(L’TZ*FE—%THQ ( Xf) Tl
Nd2(1 = p)26r . ..
FEACa A4p) iy S FE )]
A
1 d41_A4A4 d21_A2A2
2<1 —pP )Ue A
N6 d2(1 — p)262 .
ST ES ) (2 - ( Af) 1) 4 Ntr(£7'F)]
! [2NA(A€ +T—1) &i(' RS i) (14 63)
= ~ ~ p A - - N L LT )
2(1 - p*)o? i I A
+Ntr(57F)]
N o A &2
= s 12p( + T — 1) — L (i FY g (14 =5
2(1 —pQ)O?{ (X‘ ) S ( )\2)
+tr(STHF)



= C(ep) (C.15)

9’L 1 r1 o2 .y
_ aagaak]Hg = 2tr[6?{(]]v ® Ir) — ?(IN ® S r)}
B (éy) 7, |
— {(dmg(zzk) ®X7r) — ( A2)(d@ag(zlk) CSDIE S v JT)H
op A
h . .
= ;?i)tr[(dmg(zzk) ® 3" L) — 2( ) (diag(z) @ L~ JpS 1 p)
O-E
A4
o . . R
+(5\Z) (diag(zix) ® ZflJTzflJTEAJT)}
h,<é‘1) A2 i 74 P 4 - &i 76 ~\6 >
hl(‘il)dQ(l P & i 72 ~\2 Ai 74 ~\4
= % ;zzk[1—2 L1 — D) +X—d (1-p)"]
W (6n)d*(1 = p)* & d*(1— p)*6p 2
| MR =2
25\4 i=1
= ale,a)iyZ (C.16)
0L 11 . e 2P0 .
E[- 372}11 — 2[(1—f)2)2{2p([N ® Ir) + (Iy © 57 F) — ( XQ*‘)(IN ® 3 "\r)

A2
o ~ ~ A2
—(5\‘2‘>(IN®E‘1JTE‘1F)} ]
1 ~ ~ ~ ~
= oyt 40 (In @ I7) + (Iy @ S VFY LR
~244
a2 %
A

/\

4;

(Iy @ X" s 1JT) Ti Iy @ S IS S S R

~

A
(IN ® X7Vr)

A A

+4p(Iy @ M) — 8p
)\

AAQ A2
(o}

A1y @ SIS E) — 4P (1 @ SRS
)\ A
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~2 AA4

28Iy @ ST S ) + 4 Iy @ ST ST S )]
A A

1 e Nd4(1—)4 4p2

———4p*NT + Ntr(X'FY ) + 4
2(1 o 152)2[ P + T( ) + )\4

N&t A o Nd2(1 24242
+ AZ,U (['//TzleEflijT)Z +4ﬁNt7’(ZilF) -8 ( - ) up

A

NAAQ

8 S s SUESTUES i)
3

Nd2(1—=p)26ip . ..

GNEAZ PO s, le—%T)}
C(p. p) (C.17)
1 1 R MLl g Qp&u -
2tr[(1_AZ){QP([N®[T)+([N®Z ) — ( o )(In ® £ Jy)

& . .
~(H) v eSS R
A

e , . G2 o
' {21){(dzag(z,~k)®2 1‘]T)_ (%)(dlag(zik)(gz LS 1JT)H

0'6 )\

h/

& o N . o
(1>62tr [Qp(dzag(zik) ® X7 p) + (diag(zy,) @ SHES )

A A2 .9

—4%(6&&9(2%) ® i—lei—le) — 2%(diag(zik) ® i_lﬁi_lJTi‘le)
A

M4
+22%0 (diag(zy) @ S Jp S IS )
)\
A4
K 1 1 17
+ 28 (diag(zy) © STV IS pS T S )]
A
h/(d ) N N
s = 52 2P0 = P X 2wt 3 i P i)
=1 =1
ACZ4 1 422 N d 1_ 2 ~2 N )
_4MZ%_2 ( CC T Ou N (S RS i)
=1
d6 1 _ 624 N d 1 - 46‘
+2p ( ) u Zzzk I Sy ( ZZ’ _1[:T):|
i=1
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h/(Al) N . 5 o d2(1 - p>26.2 dA4(1 . p)40_4
= i1 2pd° (1 — 1-2 K’ K’
o (1 —p)262  d(1—p)iet
(ST FS i) (12 ( A2p> 2 ( Af> 31
A A
W) I ~ 5 2 | (i -1 el o
S ear> ai| {20d*(1 = ) + (557 S LT)}(Xl)}
h(éy)6? % 2 | (i ol e al
= EA 2pd (1 — p) + (L/ YXTFY LT) Zik
2(1 — 2)2)/\4( ! ) ;
= a(p,a)iyZ (C.18)
2L L (&), , o o ! 1
~ Sordarlms = 51&7’{ 52 {(dzag(zik) QX Jr) — (AQ)(dzag(zlk) LD IR 0 Y JT)}
W (‘5‘ ) &Z . —1 —1
— {(diag(za) @ " Jr) — (5\2)(dzag(zﬂ) @S S ) }]
B (Aq)? , Sl e
= é&i) tr[(dzag(zikzil)@)ﬁl Yy lr)
A2
2(/7\/5 (dmg(zikzil) [ iilei:ilJTiilJT)
A4
;Z (diag(zikzqy) @ PIREN 4 Sy lJTfl_lJTZ_le)}
B (6)? d6 1— 652 N
= éAi) ( Zzzkzzl - 22— ( ) # Zzzkzzl
0‘6
d® (1 - )8A

N
Zzzkzil)
1=1
B (6n)2d4 (1 — p)* d*(1—p)%62  dY(1—p)tet
= ZikZi 1 -2 B —+ B
26! Z &l 3\ A )

€

W@ pdi(1 - )t &
= = Zik il
23" ;
= ala,)Z'Z (C.19)
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Therefore, information matrix under the null hypothesis H§ can be obtained in matrix form

as

Cle, €) Cle, p) ale,a)inZ
J@=| Clep)  Clop) alpa)iyZ | (C.20)
ale,)Z'iy alp,a)Z'iy ala,)Z'Z
where C(e, €), C(e, p) and C(p, p) are given by (A.11), (A.12) and (A.14), respectively, and

ale, ), a(p, ), and a(a, ) are given by

B (6n)d?(1 — p)?

afe, @) = -
23"
h/ A~ \A2 N . .
alp) = e (02 (1— p)2 4 (1SS i)
2(1—p9)A
(A 2654 1 — p)4
ala, ) = (61) Ai ) : (C.21)
2\
Let . .
) C(Ea 6) C(Ea p) 5 CL(G, a)LINZ
| Clep) Clop) |7 alp, )iz
C=lale,)Zin alp,a)Z'in |,D=][0ala,a)Z'Z |,
then J,(6) can be written as
. A B
J.(0) = . C.22
©)=1. o (C.22)
Using Searle (), the inverse of partitioned matrix can be obtained as
00 O
J@ =100 0 |4 & (A—BD*lc)*1 I, —BD™| (C.23)
c _D_IO 2 . .
00 D!
In (A.20), we obtain
-1 1 17\ —1
D = (Z2'Z)
ala, a)
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Thus,

- a(e, o) (p, @) -
D 1 — Z/Z lzl Z/Z lzl
¢ ala, o) ( ) N ala, o) ( ) N
R ] 0 .
I
{ 1 - 0 1 (C.24)
D—C
| S (22 Ty SEE(2'2) iy |
. I
/
pOy|
1 0
B (6y)d2(1 — D)2
2)\ al€e — . a _ .
S (2 2) 2y HEE(Z'2) Ty
W (6n)d*(1—p)? ;o Y
( 1) ( ) ( f/ ( ) 1Z/ (&aa))f/ ( ) IZ,LN)

257

a(e,Y)

W (én)d*(1 — p)? (

23
(0 0),

a( 7a) M
aoo !N Gyl i )

(C.25)

where the third equality uses the fact that the first column of Z is iy and the last equality

follows from the first-order condition in (A.9).

Therefore, the LM statistic for the hypothesis H{ is obtained by

LM,

= D.(6)'J:'(8)D.(6)
00 0
= DOy |0 0 0 |D.Jo)
0 0 D
R [ ]2 1 N
+ D.(6) e (A-BD'C) [12 — BD'|D.(6)
— D(d)’DrlD(d)
. h/(@l)dQ(l—p)Q 2 1 / ! —1 rz/
= = )(a(aja))fZ(ZZ) Z'f
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_ h/(@l)cp(l - ﬁ)Q 2 2\ /Z Z/Z —1Z/
( 23 ) <h'<@1>2c24(1 — i))“)f A
= ;f’Z(Z’Z)lZ’f (C.26)

The LM statistic in (A.23) is the familiar term used in testing the heteroscedasticity in
Breusch and Pagan (1979). Under the null hypothesis H§, the LM statistic is asymptotically

distributed as x3_;.
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