








Figure 2: Frequency of rejections for Ha
0 : ρ = 0 and α = 0, N=100, 200, T=10, Exponential

heteroskedasticity.
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Figure 3: Frequency of rejections of the conditional tests for Hb
0 : ρ = 0 (given α 6= 0),

N=100, 200, T=10, Quadratic heteroskedasticity.
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Figure 4: Frequency of rejections of the conditional tests for Hb
0 : ρ = 0 (given α 6= 0),

N=100, 200, T=10, Exponential heteroskedasticity.
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Figure 5: Frequency of rejections of the conditional tests for Hc
0 : α = 0 (given ρ 6= 0),

N=100, 200, T=10, Quadratic heteroskedasticity.
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Figure 6: Frequency of rejections of the conditional tests for Hc
0 : α = 0 (given ρ 6= 0),

N=100, 200, T=10, Exponential heteroskedasticity.
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APPENDICES

Appendix 1

This appendix derives the joint LM test for testing Ha
0 : α2 = · · · = αp = 0 and ρ = 0.

The variance-covariance matrix of the disturbances in (4) can be written as

Ω = (IN ⊗ ιT )(diag[h(z′iα)]⊗ IT )(IN ⊗ ιT )′ + IN ⊗ V

= diag[h(z′iα)]⊗ JT + IN ⊗ V, (A.1)

where JT is a matrix of ones of dimension T , and diag[h(z′iα)] is a diagonal matrix of

dimension N×N and V is the familiar AR(1) covariance matrix. The log-likelihood function

under normality of the disturbances is given by

L(β, θ) = constant− 1

2
log |Ω| − 1

2
u′Ω−1u, (A.2)

where θ′ = (σ2
ε , ρ, α′). The information matrix is block-diagonal between β and θ, since

Ha
0 involves only θ, the part of the information due to β is ignored, see Baltagi (1995).

In order to obtain the joint LM statistic, we need D(θ) = (∂L/∂θ) and the information

matrix J(θ) = E[−∂L2/∂θ∂θ′] evaluated at the restricted ML estimator θ̃. Under the null

hypothesis, the variance-covariance matrix reduces to Ω = σ2
µ(IN ⊗ JT ) + σ2

ε(IN ⊗ IT ). It is

the familiar form of the one-way error component model, see Baltagi(1995). Under the null

hypothesis we obtain

Ω−1 = (σ2
1)
−1(IN ⊗ J̄T ) + (σ2

ε)
−1(IN ⊗ ET ), (A.3)

where σ2
1 = Tσ2

µ + σ2
ε .

Following, Hartley and Rao (1967) or Hemmerle and Hartley (1973),

∂L/∂θr = −1

2
tr[Ω−1(∂Ω/∂θr)] +

1

2
[u′Ω−1(∂Ω/∂θr)Ω

−1u], (A.4)

E
[
− ∂2L

∂θr∂θs

]
=

1

2
tr

[
Ω−1 ∂Ω

∂θr

Ω−1 ∂Ω

∂θs

]
, (A.5)
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for r, s = 1, 2, · · · , p + 2, see Harville (1977). Then, we obtain the following quantities

∂ log L

∂σ2
ε

∣∣∣
Ha

0

= IN ⊗ IT

∂ log L

∂αk

∣∣∣
Ha

0

= diag
(
h′(α̃1)zik

)
⊗ JT = h′(α̃1)diag(zik)⊗ JT , k = 1, · · · , p

∂ log L

∂ρ

∣∣∣
Ha

0

= σ2
εIN ⊗G

Ω−1∂ log L

∂σ2
ε

=
( 1

σ2
1

(IN ⊗ J̄T ) +
1

σ2
ε

(IN ⊗ ET )
)
(IN ⊗ IT )

=
1

σ2
1

(IN ⊗ J̄T ) +
1

σ2
ε

(IN ⊗ ET )

Ω−1∂ log L

∂αk

=
( 1

σ2
1

(IN ⊗ J̄T ) +
1

σ2
ε

(IN ⊗ ET )
)(

h′(α1)(diag(zik)⊗ JT )
)

=
h′(α1)

σ2
1

(diag(zik)⊗ JT )

Ω−1∂ log L

∂ρ
=

( 1

σ2
1

(IN ⊗ J̄T ) +
1

σ2
ε

(IN ⊗ ET )
)(

σ2
εIN ⊗G

)

= σ2
ε

(
(

1

σ2
1

IN ⊗ J̄T G) + (
1

σ2
ε

IN ⊗ ET G)
)

= σ2
ε

[
IN ⊗

(
J̄T G/σ2

1 + ET G/σ2
ε

)]

Ω−1∂ log L

∂σ2
ε

Ω−1 =
1

σ4
1

(IN ⊗ J̄T ) +
1

σ4
ε

(IN ⊗ ET )

Ω−1∂ log L

∂αk

Ω−1 =
h′(α1)

σ2
1

(diag(zik)⊗ JT )
( 1

σ2
1

(IN ⊗ J̄T ) +
1

σ2
ε

(IN ⊗ ET )
)

=
h′(α1)

σ4
1

(diag(zik)⊗ JT )

Ω−1∂ log L

∂ρ
Ω−1 = σ2

ε

[
IN ⊗

(
J̄T G/σ2

1 + ET G/σ2
ε

)]( 1

σ2
1

(IN ⊗ J̄T ) +
1

σ2
ε

(IN ⊗ ET )
)

= σ2
ε

[
IN ⊗

(
(J̄T /σ2

1 + ET /σ2
ε)G(J̄T /σ2

1 + ET /σ2
ε)

)]

Straightforward calculation of partial derivatives, evaluated at the restricted MLE, yield

∂L

∂σ2
ε

|Ha
0

= −1

2
tr

[
Ω−1 ∂Ω

∂σ2
ε

]
+

1

2
ũ′

(
Ω−1 ∂Ω

∂σ2
ε

Ω−1
)
ũ

= −1

2
tr

[ 1

σ2
1

(IN ⊗ J̄T ) +
1

σ2
ε

(IN ⊗ ET )
]
+

1

2
ũ′

( 1

σ4
1

(IN ⊗ J̄T ) +
1

σ4
ε

(IN ⊗ ET )
)
ũ

= −1

2

(
N/σ̃2

1 + N(T − 1)/σ̃2
ε

)
+

1

2
ũ′

( 1

σ̃4
1

IN ⊗ J̄T +
1

σ̃4
ε

IN ⊗ ET

)
ũ = 0
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∂L

∂α1

|Ha
0

= −1

2
tr

[
Ω−1 ∂Ω

∂α1

]
+

1

2
ũ′

(
Ω−1 ∂Ω

∂α1

Ω−1
)
ũ

= −1

2
tr

[h′(α1)

σ2
1

(diag(zi1)⊗ JT )
]
+

1

2
ũ′

(h′(α1)

σ4
1

(diag(zi1)⊗ JT )
)
ũ

= −Th′(α1)

2σ2
1

N∑

i=1

zi1 +
h′(α1)

2σ4
1

ũ′(diag(zi1)⊗ JT )ũ

= −Th′(α1)

2σ2
1

N∑

i=1

zi1 +
h′(α1)

2σ4
1

N∑

i=1

zi1ũ
′
iJT ũi

= −Th′(α1)

2σ2
1

N∑

i=1

zi1 +
h′(α1)

2σ4
1

N∑

i=1

zi1(
T∑

t=1

ũit)
2

=
Th′(α̃1)

2σ̃2
1

N∑

i=1

zi1

((
∑T

t=1 ũit)
2

T σ̃2
1

− 1
)

=
Th′(α̃1)

2σ̃2
1

N∑

i=1

((
∑T

t=1 ũit)
2

T σ̃2
1

− 1
)

(since zi1 = 1)

= 0

∂L

∂αk

|Ha
0

= D(α̃k) = −1

2
tr

[
Ω−1 ∂Ω

∂αk

]
+

1

2
ũ′

(
Ω−1 ∂Ω

∂αk

Ω−1
)
ũ

= −1

2
tr

[h′(α1)

σ2
1

(diag(zik)⊗ JT )
]
+

1

2
ũ′

(h′(α1)

σ4
1

(diag(zik)⊗ JT )
)
ũ

= −Th′(α1)

2σ2
1

N∑

i=1

zik +
h′(α1)

2σ4
1

ũ′(diag(zik)⊗ JT )ũ

= −Th′(α1)

2σ2
1

N∑

i=1

zik +
h′(α1)

2σ4
1

N∑

i=1

zikũ
′
iJT ũi

= −Th′(α1)

2σ2
1

N∑

i=1

zik +
h′(α1)

2σ4
1

N∑

i=1

zik(
T∑

t=1

ũit)
2

=
Th′(α̃1)

2σ̃2
1

N∑

i=1

zik

((
∑T

t=1 ũit)
2

T σ̃2
1

− 1
)
, k = 2, · · · , p

∂L

∂ρ
|Ha

0
= D(ρ̃) = −1

2
tr

[
Ω−1∂Ω

∂ρ

]
+

1

2
ũ′

(
Ω−1∂Ω

∂ρ
Ω−1

)
ũ

= −1

2
tr

[
σ2

ε

{
IN ⊗

(
J̄T G/σ2

1 + ET G/σ2
ε

)}]

+
1

2
ũ′

[
σ2

ε

{
IN ⊗

(
(J̄T /σ2

1 + ET /σ2
ε)G(J̄T /σ2

1 + ET /σ2
ε)

)}]
ũ

= −Nσ2
ε

2

(
tr(J̄T G)/σ2

1 + tr(ET G)/σ2
ε

)
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+
σ̃2

ε

2
ũ′

[
IN ⊗

(
(J̄T /σ̃2

1 + ET /σ̃2
ε)G(J̄T /σ̃2

1 + ET /σ̃2
ε)

)]
ũ

= −Nσ2
ε

2

(2(T − 1)

Tσ2
1

− 2(T − 1)

Tσ2
ε

)
(since tr(G) = 0, tr(J̄T G) = 2(T − 1)/T )

+
σ̃2

ε

2
ũ′

[
IN ⊗

(
(J̄T /σ̃2

1 + ET /σ̃2
ε)G(J̄T /σ̃2

1 + ET /σ̃2
ε)

)]
ũ

=
N(T − 1)

T

σ̃2
1 − σ̃2

ε

σ̃2
1

+
σ̃2

ε

2
ũ′

[
IN ⊗

(
(J̄T /σ̃2

1 + ET /σ̃2
ε)G(J̄T /σ̃2

1 + ET /σ̃2
ε)

)]
ũ. (A.6)

where ũ = y −Xβ̃MLE is the maximum likelihood residuals under the null hypothesis Ha
0 ,

and α̃1 is the solution of D(α̃1) = 0 while σ̃2
ε is the solution of D(σ̂2

ε) = 0 from (A.6). Thus,

the partial derivatives under Ha
0 are rewritten in vector form as

D(θ̃) =




D(σ̃2
ε)

D(α̃)

D(ρ̃)




=




0

Th′(α̃1)
2σ̃2

1
Z ′f

D(ρ̃)




, (A.7)

where D(α̃) = (0, D(α̃2), · · · , D(α̃p))
′, h′(α̃1) is the evaluated value of ∂h(z′iα)/ ∂z′iα when

α2 = · · · = αp = 0, and Z = (z1, · · · , zN)′ and f = (f1, · · · , fN)′ , fi = (
∑T

t=1 ũit)
2/T σ̃2

1 − 1.

Also, using the the results of Harville (1977), we obtain the information matrix under the

null hypothesis Ha
0 :

E
[
− ∂2 log L

∂σ4
ε

]∣∣∣
Ha

0

=
1

2
tr

[{ 1

σ2
1

(IN ⊗ J̄T ) +
1

σ2
ε

(IN ⊗ ET )
}2]

=
1

2
tr

[
1/σ̃4

1IN ⊗ J̄T + 1/σ̃4
εIN ⊗ ET

]

=
N

2

(
1/σ̃4

1 + (T − 1)/σ̃4
ε

)

E
[
− ∂2 log L

∂σ2
ε∂αk

]∣∣∣
Ha

0

=
1

2
tr

[( 1

σ̃2
1

IN ⊗ J̄T +
1

σ̃2
ε

IN ⊗ ET

)(h′(α̃1)

σ̃2
1

diag(zik)⊗ JT

)]

=
h′(α̃1)

2σ̃4
1

tr
[
diag(zik)⊗ JT

]
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=
Th′(α̃1)

2σ̃4
1

N∑

i=1

zik, k = 1, · · · , p

E
[
− ∂2 log L

∂σ2
ε∂ρ

]∣∣∣
Ha

0

=
1

2
tr

[( 1

σ̃2
1

IN ⊗ J̄T +
1

σ̃2
ε

IN ⊗ ET

)( σ̃2
ε

σ̃2
1

IN ⊗ J̄T G + IN ⊗ ET G
)]

=
1

2
tr

[ σ̃2
ε

σ̃4
1

IN ⊗ J̄T G +
1

σ̃2
ε

IN ⊗ ET G
]

=
N(T − 1)

T
σ̃2

ε

( 1

σ̃4
1

− 1

σ̃4
ε

)

E
[
− ∂2 log L

∂ρ2

]∣∣∣
Ha

0

=
1

2
tr

[( σ̃2
ε

σ̃2
1

IN ⊗ J̄T G + IN ⊗ ET G
)2]

=
1

2
tr

[ σ̃4
ε

σ̃4
1

IN ⊗ J̄T GJ̄T G + 2
σ̃2

ε

σ̃2
1

IN ⊗ J̄T GET G + IN ⊗ ET GET G
]

= N
(
2a2(T − 1)2 + 2a(2T − 3) + T − 1

)

E
[
− ∂2 log L

∂ρ∂αk

]∣∣∣
Ha

0

=
1

2
tr

[( σ̃2
ε

σ̃2
1

IN ⊗ J̄T G + IN ⊗ ET G
)(h′(α̃1)

σ̃2
1

diag(zik)⊗ JT

)]

=
h′(α̃1)σ̃

2
ε

2σ̃4
1

tr
[
diag(zik)⊗ JT G

]

=
h′(α̃1)σ̃

2
ε2(T − 1)

2σ̃4
1

N∑

i=1

zik =
(T − 1)h′(α̃1)σ̃

2
ε

σ̃4
1

N∑

i=1

zik

E
[
− ∂2 log L

∂αk∂αl

]∣∣∣
Ha

0

=
1

2
tr

[(h′(α̃1)

σ̃2
1

diag(zik)⊗ JT

)(h′(α̃1)

σ̃2
1

diag(zil)⊗ JT

)]

=
Th′(α̃1)

2

2σ̃4
1

tr
[
diag(zikzil)⊗ JT

]

=
T 2h′(α̃1)

2

2σ̃4
1

N∑

i=1

zikzil, k, l = 1, · · · , p. (A.8)

Therefore, information matrix under the null hypothesis Ha
0 can be obtained in matrix form

as

J̃a(θ) =




N
2
( 1

σ̃4
1

+ T−1
σ̃4

ε
) N(T−1)

T
σ̃2

ε

(
1
σ̃4

1
− 1

σ̃4
ε

)
Th′(α1)

2σ̃4
1

ι̇′NZ

N(T−1)
T

σ̃2
ε

(
1
σ̃4

1
− 1

σ̃4
ε

)
J̃ρρ

(T−1)σ̃2
εh′(α1)

σ̃4
1

ι̇′NZ

Th′(α1)
2σ̃4

1
Z ′ι̇N

(T−1)σ̃2
εh′(α1)

σ̃4
1

Z ′ι̇N
T 2h′(α1)2

2σ̃4
1

Z ′Z




, (A.9)

where J̃ρρ = N [2a2(T − 1)2 + 2a(2T − 3) + T − 1], a =
σ̃2

ε−σ̃2
1

Tσ2
1

.
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Let

A =




N
2
( 1

σ̃4
1

+ T−1
σ̃4

ε
) N(T−1)

T
σ̃2

ε

(
1
σ̃4

1
− 1

σ̃4
ε

)

N(T−1)
T

σ̃2
ε

(
1
σ̃4

1
− 1

σ̃4
ε

)
J̃ρρ


 , B =




Th′(α1)
2σ̃4

1
ι̇′NZ

(T−1)σ̃2
εh′(α1)

σ̃4
1

ι̇′NZ


 ,

C =
[

Th′(α1)
2σ̃4

1
Z ′ι̇N

(T−1)σ̃2
εh′(α1)

σ̃4
1

Z ′ι̇N
]
, D =

[
T 2h′(α1)2

2σ̃4
1

Z ′Z
]
,

then J̃a(θ) can be written as

J̃a(θ) =




A B

C D


 . (A.10)

Using Searle (), the inverse of partitioned matrix can be obtained as

J̃a(θ)−1 =




0 0 0

0 0 0

0 0 D−1


 +




I2

−D−1C




(
A−BD−1C

)−1[
I2 −BD−1

]
. (A.11)

In (A.11), we obtain

BD−1C =




Th′(α1)
2σ̃4

1
ι̇′NZ

(T−1)σ̃2
εh′(α1)

σ̃4
1

ι̇′NZ




( 2σ̃4
1

T 2h′(α1)2
(Z ′Z)−1

) [
Th′(α1)

2σ̃4
1

Z ′ι̇N
(T−1)σ̃2

εh′(α1)
σ̃4

1
Z ′ι̇N

]

=




N
2σ̃4

1

N(T−1)σ̃2
ε

T σ̃4
1

N(T−1)σ̃2
ε

T σ̃4
1

2N(T−1)2σ̃4
ε

T 2σ̃4
1


 ,

A−BD−1C =




N(T−1)
2σ̃4

ε
−N(T−1)

T σ̃2
ε

−N(T−1)
T σ̃2

ε
J̃ρρ − 2N(T−1)2σ̃4

ε

T 2σ̃4
1


 =




N(T−1)
2σ̃4

ε
−N(T−1)

T σ̃2
ε

−N(T−1)
T σ̃2

ε
C̃ρρ




det(A−BD−1C) =
N(T − 1)

(
T 2C̃ρρ − 2N(T − 1)

)

2T 2σ̃4
ε

(A−BD−1C)−1 =




2T 2σ̃4
ε C̃ρρ

N(T−1)(T 2C̃ρρ−2N(T−1))

2T σ̃2
ε

T 2C̃ρρ−2N(T−1)

2T σ̃2
ε

T 2C̃ρρ−2N(T−1)
T 2

T 2C̃ρρ−2N(T−1)


 . (A.12)

Also we obtain

D̃(θ)′



I2

−D−1C



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= (0 D(ρ̃) D(α̃)′)




1 0

0 1

− 1
Th′(α̃1)

(Z ′Z)−1Z ′ι̇N −2(T−1)σ̃2
ε

T 2h′(α̃1)
(Z ′Z)−1Z ′ι̇N




=

(
0 D(ρ̃)

Th′(α̃1)

2σ̃2
1

f ′Z

)



1 0

0 1

− 1
Th′(α̃1)

(Z ′Z)−1Z ′ι̇N −2(T−1)σ̃2
ε

T 2h′(α̃1)
(Z ′Z)−1Z ′ι̇N




=
[
− 1

2σ̃2
1
f ′Z(Z ′Z)−1Z ′ι̇N D(ρ̃)− (T−1)σ̃2

ε

T σ̃2
1

f ′Z(Z ′Z)−1Z ′ι̇N
]

=
[
− 1

2σ̃2
1
f ′ι̇N D(ρ̃)− (T−1)σ̃2

ε

T σ̃2
1

f ′ι̇N
]

= [ 0 D(ρ̃) ] , (A.13)

where the fourth equality follows from the fact that the first column of Z is ι̇N and the last

equality follows from the first-order condition in (A.6).

Therefore, the LM statistic for the hypothesis Ha
0 is obtained by

LMa = D̃(θ)′J̃−1(θ)D̃(θ)

= D̃(θ)′




0 0 0

0 0 0

0 0 D−1


 D̃(θ)

+ D̃(θ)′



I2

−D−1C




(
A−BD−1C

)−1[
I2 −BD−1

]
D̃(θ)

= D(α̃)′D−1D(α̃) + [ 0 D(ρ̃) ]
(
A−BD−1C

)−1




0

D(ρ̃)




=
1

2
f ′Z(Z ′Z)−1Z ′f +

T 2

T 2Cρρ − 2N(T − 1)
D̃(ρ)2, (A.14)

where Cρρ = Jρρ − 2N(T−1)2

T 2
σ̃4

ε

σ̃4
1
, J̃ρρ is given by (A.9). The LM statistic of (A.14) is the

familiar term used in testing the heteroscedasticity in Breusch and Pagan (1979). Under the

null hypothesis, the LM statistic of (A.14) is asymptotically distributed as χ2
p.
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Appendix 2

This appendix derives the conditional LM test for testing Hb
0 : ρ = 0 (given α 6= 0). The

variance-covariance matrix of the disturbances is given by (A.1). Under Hb
0 we obtain

Ω = diag[h(z′iα)]⊗ JT + σ2
εIN ⊗ IT ,

Ω−1 = diag
( 1

w2
i

)
⊗ J̄T +

1

σ2
ε

IN ⊗ ET (B.1)

where w2
i = Th(z′iα) + σ2

ε .

Then, we obtain the following quantities

∂ log L

∂σ2
ε

∣∣∣
Hb

0

= IN ⊗ IT

∂ log L

∂αk

∣∣∣
Hb

0

= diag
(
h′(z′iα̂)zik

)
⊗ JT

∂ log L

∂ρ

∣∣∣
Hb

0

= σ2
εIN ⊗G

Ω−1∂ log L

∂σ2
ε

=
(
diag(

1

w2
i

)⊗ J̄T +
1

σ2
ε

IN ⊗ ET

)
(IN ⊗ IT )

= diag(
1

w2
i

)⊗ J̄T +
1

σ2
ε

IN ⊗ ET

Ω−1∂ log L

∂αk

=
(
diag(

1

w2
i

)⊗ J̄T +
1

σ2
ε

IN ⊗ ET

)(
diag(h′(z′iα̂)zik)⊗ JT

)

= diag
(h′(z′iα̂)zik

w2
i

)
⊗ JT

Ω−1∂ log L

∂ρ
=

(
diag(

1

w2
i

)⊗ J̄T +
1

σ2
ε

IN ⊗ ET

)(
σ2

εIN ⊗G
)

=
(
diag

( σ2
ε

w2
i

)
⊗ J̄T G + IN ⊗ ET G

)

Ω−1∂ log L

∂σ2
ε

Ω−1 = diag(
1

w4
i

)⊗ J̄T +
1

σ4
ε

IN ⊗ ET

Ω−1∂ log L

∂αk

Ω−1 =
(
diag

(h′(z′iα̂)zik

w2
i

)
⊗ JT

)(
diag(

1

w2
i

)⊗ J̄T +
1

σ2
ε

IN ⊗ ET

)

=
(
diag

(h′(z′iα̂)zik

w4
i

)
⊗ JT

)

Ω−1∂ log L

∂ρ
Ω−1 =

(
diag(

1

w2
i

)⊗ J̄T +
1

σ2
ε

IN ⊗ ET

)(
σ2

εIN ⊗G
)(

diag(
1

w2
i

)⊗ J̄T +
1

σ2
ε

IN ⊗ ET

)
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= σ2
ε

(
diag(

1

w2
i

)⊗ J̄T +
1

σ2
ε

IN ⊗ ET

)(
IN ⊗G

)(
diag(

1

w2
i

)⊗ J̄T +
1

σ2
ε

IN ⊗ ET

)

Using the results of Hemmerle and Hartly(1973), we obtain under the null hypothesis Hb
0 :

∂ log L

∂σ2
ε

∣∣∣
Hb

0

= D(σ̂2
ε) = −1

2
tr

[
Ω−1 ∂Ω

∂σ2
ε

]
+

1

2
û′

(
Ω−1 ∂Ω

∂σ2
ε

Ω−1
)
û

= −1

2
tr

[
diag(

1

ŵ2
i

)⊗ J̄T +
1

σ̂2
ε

IN ⊗ ET

]
+

1

2
û′

(
diag(

1

ŵ4
i

)⊗ J̄T +
1

σ̂4
ε

IN ⊗ ET

)
û

= −1

2

N∑

i=1

( 1

ŵ2
i

+
T − 1

σ̂2
ε

)
+

1

2
û′

[
diag

( 1

ŵ4
i

)
⊗ J̄T +

1

σ̂4
ε

IN ⊗ ET

]
û

= 0

∂ log L

∂αk

∣∣∣
H0

= D(α̂k) = −1

2
tr

[
Ω−1 ∂Ω

∂αk

]
+

1

2
û′

(
Ω−1 ∂Ω

∂αk

Ω−1
)
û

= −1

2
tr

[
diag

(h′(z′iα̂)zik

ŵ2
i

)
⊗ JT

]
+

1

2
û′

(
diag

(h′(z′iα̂)zik

ŵ4
i

)
⊗ JT

)
û

= −T

2

N∑

i=1

h′(z′iα̂)zik

ŵ2
i

+
1

2
û′

[
diag

(h′(z′iα̂)zik

ŵ4
i

)
⊗ JT

]
û

= 0, k = 1, · · · , p

∂ log L

∂ρ

∣∣∣
H0

= D(ρ̂)

= −1

2
tr

[
Ω−1∂Ω

∂ρ

]
+

1

2
û′

(
Ω−1∂Ω

∂ρ
Ω−1

)
û

= −1

2
tr

[
diag

( σ̂2
ε

ŵ2
i

)
⊗ J̄T G + IN ⊗ ET G

]

+
σ̂2

ε

2
û′

[(
diag(1/ŵ2

i )⊗ J̄T + 1/σ̂2
εIN ⊗ ET

)(
IN ⊗G

)(
diag(1/ŵ2

i )⊗ J̄T + 1/σ̂2
εIN ⊗ ET

)]
û

= −1

2

(2(T − 1)

T

N∑

i=1

σ̂2
ε

ŵ2
i

− 2N(T − 1)

T

)
(since tr(G) = 0, tr(J̄T G) = 2(T − 1)/T )

+
σ̂2

ε

2
û′

[(
diag(1/ŵ2

i )⊗ J̄T + 1/σ̂2
εIN ⊗ ET

)(
IN ⊗G

)(
diag(1/ŵ2

i )⊗ J̄T + 1/σ̂2
εIN ⊗ ET

)]
û

=
T − 1

T

N∑

i=1

(ŵ2
i − σ̂2

ε

ŵ2
i

)

+
σ̂2

ε

2
û′

[(
diag(1/ŵ2

i )⊗ J̄T + 1/σ̂2
εIN ⊗ ET

)(
IN ⊗G

)(
diag(1/ŵ2

i )⊗ J̄T + 1/σ̂2
εIN ⊗ ET

)]
û

(B.2)
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where û = y−Xβ̂GLS is the GLS residuals under Hb
0, ŵ2

i = Th(z′iα̂)+ σ̂2
ε , where α̂ is the ML

estimator of α and σ̂2
ε is the solution of D(σ̂2

ε) = 0 under Hb
0, and h′(z′iα̂) is the evaluated

value of ∂h(z′iα)/ ∂z′iα. Therefore, the partial derivatives under Hb
0 can be written in vector

form as

D(θ̂) =




D(σ̂2
ε)

D(α̂)

D(ρ̂)




=




0

0

D(ρ̂)


 . (B.3)

where D(α̂) = (D(α̂1), · · · , D(α̂p))
′. Also, using the the results of Harville (1977), we obtain

the information matrix under the null hypothesis Hb
0:

E
[
− ∂2 log L

∂σ4
ε

]∣∣∣
Hb

0

=
1

2
tr

[(
diag

( 1

ŵ2
i

)
⊗ J̄T +

1

σ̂2
ε

IN ⊗ ET

)2]

=
1

2
tr

[(
diag

( 1

ŵ4
i

)
⊗ J̄T +

1

σ̂4
ε

IN ⊗ ET

)]

=
1

2

N∑

i=1

( 1

ŵ4
i

+
T − 1

σ̂4
ε

)

E
[
− ∂2 log L

∂σ2
ε∂αk

]∣∣∣
Ha

0

=
1

2
tr

[(
diag

( 1

ŵ2
i

)
⊗ J̄T +

1

σ̂2
ε

IN ⊗ ET

)(
diag

(h′(z′iα̂)zik

ŵ2
i

)
⊗ JT

)]

=
1

2
tr

[(
diag

(h′(z′iα̂)zik

ŵ4
i

)
⊗ JT

)]

=
T

2

N∑

i=1

(h′(z′iα̂)zik

ŵ4
i

)
, k = 1, · · · , p

E
[
− ∂2 log L

∂σ2
ε∂ρ

]∣∣∣
Ha

0

=
1

2
tr

[(
diag

( 1

ŵ2
i

)
⊗ J̄T +

1

σ̂2
ε

IN ⊗ ET

)(
diag

( σ̂2
ε

ŵ2
i

)
⊗ J̄T G + IN ⊗ ET G

)]

=
1

2
tr

[
diag

( σ̂2
ε

ŵ4
i

)
⊗ J̄T G +

1

σ̂2
ε

IN ⊗ ET G
]

=
(T − 1)σ̂2

ε

T

N∑

i=1

( 1

ŵ4
i

− 1

σ̂4
ε

)

E
[
− ∂2 log L

∂ρ2

]∣∣∣
Ha

0

=
1

2
tr

[(
diag

( σ̂2
ε

ŵ2
i

)
⊗ J̄T G + IN ⊗ ET G

)2]

=
1

2
tr

[
diag

( σ̂4
ε

ŵ4
i

)
⊗ J̄T GJ̄T G + 2diag

( σ̂2
ε

ŵ2
i

)
⊗ J̄T GET G + IN ⊗ ET GET G

]
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=
1

2

[ N∑

i=1

σ̂4
ε/ŵ

4
i tr

(
J̄T GJ̄T G

)
+ 2

N∑

i=1

σ̂2
ε

ŵ2
i

tr
(
J̄T GET G

)
+ Ntr

(
ET GET G

)]

=
1

2

[ N∑

i=1

σ̂4
ε/ŵ

4
i tr

(
J̄T GJ̄T G

)
+ 2

N∑

i=1

σ̂2
ε

ŵ2
i

tr
(
J̄T G2 − J̄T GJ̄T G

)

+N tr
(
G2 − 2J̄T G2 + J̄T GJ̄T G

)]

=
1

2

[ N∑

i=1

σ̂4
ε/ŵ

4
i 4(T − 1)2/T 2 + 2

N∑

i=1

σ̂2
ε

ŵ2
i

(
2(2T − 3)/T − 4(T − 1)2/T 2

)

+N
(
2(T − 1)− 4(2T − 3)/T + 4(T − 1)2/T 2

)]

(
since tr(J̄T GJ̄T G) = 4(T − 1)2/T 2, tr(J̄T G2) = 2(2T − 3)/T, tr(G2) = 2(T − 1)

)

=
2(T − 1)2

T 2

N∑

i=1

(σ̂2
ε/ŵ

2
i − 1)2 +

2(2T − 3)

T

N∑

i=1

(σ̂2
ε/ŵ

2
i − 1) + (T − 1)

= âρρ

E
[
− ∂2 log L

∂ρ∂αk

]∣∣∣
Ha

0

=
1

2
tr

[(
diag

(h′(z′iα̂)zik

ŵ2
i

)
⊗ JT

)(
diag

( σ̂2
ε

ŵ2
i

)
⊗ J̄T G + IN ⊗ ET G

)]

=
σ̂2

ε

2
tr

[(
diag

(h′(z′iα̂)zik

ŵ4
i

)
⊗ JT G

)]

=
2(T − 1)σ̂2

ε

2

N∑

i=1

h′(z′iα̂)zik

ŵ4
i

= (T − 1)σ̂2
ε

N∑

i=1

h′(z′iα̂)zik

ŵ4
i

E
[
− ∂2 log L

∂αk∂αl

]∣∣∣
Ha

0

=
1

2
tr

[(
diag

(h′(z′iα̂)zik

ŵ2
i

)
⊗ JT

)(
diag

(h′(z′iα̂)zil

ŵ2
i

)
⊗ JT

)]

=
T

2
tr

[(
diag

(h′(z′iα̂)2zikzil

ŵ4
i

)
⊗ JT

)]

=
T 2

2

N∑

i=1

h′(z′iα̂)2zikzil

ŵ4
i

, k, l = 1, · · · , p. (B.4)

Let W = diag(ŵ2
1, · · · , ŵ2

N) and H = diag(h′(z′1α̂), · · · , h′(z′Nα̂)), then, in vector form, we

obtain the following quantity

E
[
− ∂2 log L

∂σ2
ε∂α

]∣∣∣
Hb

0

=
T

2
Z ′W−2Hι̇N

E
[
− ∂2 log L

∂ρ∂α

]∣∣∣
Hb

0

= (T − 1)σ̂2
εZ

′W−2Hι̇N

E
[
− ∂2 log L

∂α∂α′
]∣∣∣

Hb
0

=
T 2

2
Z ′W−2H2Z. (B.5)
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Note that from (B.5) we obtain

Z ′W−2Hι̇N =



z11 z21 · · · zN1
z12 z22 · · · zN2
...

...
...

...
z1p z2p · · · zNp







1/ŵ4
1 0 · · · 0

0 1/ŵ4
2 · · · 0

...
...

...
...

0 0 · · · 1/ŵ4
N







h′(z′1α̂) 0 · · · 0
0 h′(z′2α̂) · · · 0
...

...
...

...
0 0 · · · h′(z′Nα̂)







1
1
...
1




=




z11 z21 · · · zN1
z12 z22 · · · zN2
...

...
...

...
z1p z2p · · · zNp







h′(z′1α̂)/ŵ4
1

h′(z′2α̂)/ŵ4
2

...
h′(z′Nα̂)/ŵ4

N


 =




∑N
i=1

h′(z′iα̂)zi1

ŵ4
i∑N

i=1
h′(z′iα̂)zi2

ŵ4
i

...
∑N

i=1
h′(z′iα̂)zip

ŵ4
i




Z ′W−2H2Z =



z11 z21 · · · zN1
z12 z22 · · · zN2
...

...
...

...
z1p z2p · · · zNp







1/ŵ4
1 0 · · · 0

0 1/ŵ4
2 · · · 0

...
...

...
...

0 0 · · · 1/ŵ4
N







h′(z′1α̂)2 0 · · · 0
0 h′(z′2α̂)2 · · · 0
...

...
...

...
0 0 · · · h′(z′Nα̂)2




×




z11 z12 · · · z1p
z21 z22 · · · z2p
...

...
...

...
zN1 zN2 · · · zNp




=




z11 z21 · · · zN1
z12 z22 · · · zN2
...

...
...

...
z1p z2p · · · zNp







h′(z′1α̂)2

ŵ4
1

0 · · · 0

0
h′(z′2α̂)2

ŵ4
2

· · · 0
...

...
...

...

0 0 · · · h′(z′Nα̂)2

ŵ4
N







z11 z12 · · · z1p
z21 z22 · · · z2p
...

...
...

...
zN1 zN2 · · · zNp




=




h′(z′1α̂)2z11

ŵ4
1

h′(z′2α̂)2z21

ŵ4
2

· · · h′(z′Nα̂)2zN1

ŵ4
N

h′(z′1α̂)2z12

ŵ4
1

h′(z′2α̂)2z22

ŵ4
2

· · · h′(z′Nα̂)2zN2

ŵ4
N

...
...

...
...

h′(z′1α̂)2z1p

ŵ4
1

h′(z′2α̂)2z2p

ŵ4
2

· · · h′(z′Nα̂)2zNp

ŵ4
N







z11 z12 · · · z1p
z21 z22 · · · z2p
...

...
...

...
zN1 zN2 · · · zNp



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=




∑N
i=1

h′(z′iα̂)2z2
i1

ŵ4
i

∑N
i=1

h′(z′iα̂)2zi1zi2

ŵ4
i

· · · ∑N
i=1

h′(z′iα̂)2zi1zip

ŵ4
i

∑N
i=1

h′(z′iα̂)2zi1zi2

ŵ4
i

∑N
i=1

h′(z′iα̂)2z2
i2

ŵ4
i

· · · ∑N
i=1

h′(z′iα̂)2zi2zip

ŵ4
i

...
...

...
...

∑N
i=1

h′(z′iα̂)2zi1zip

ŵ4
i

∑N
i=1

h′(z′iα̂)2zi2zip

ŵ4
i

· · · ∑N
i=1

h′(z′iα̂)2z2
ip

ŵ4
i




. (B.6)

Thus, the information matrix with respect to θ = (σ2
ε , ρ, α)′ under the Hb

0 can be written in

vector form as

Ĵb(θ) =




1
2

∑N
i=1

(
1

ŵ4
i

+ T−1
σ̂4

ε

)
(T−1)σ̂2

ε

T

∑N
i=1

(
1

ŵ4
i
− 1

σ̂4
ε

)
T
2
Z ′W−2Hι̇N

(T−1)σ̂2
ε

T

∑N
i=1

(
1

ŵ4
i
− 1

σ̂4
ε

)
âρρ (T − 1)σ̂2

εZ
′W−2Hι̇N

T
2
ι̇′NHW−2Z (T − 1)σ̂2

ε ι̇
′
NHW−2Z T 2

2
Z ′W−2H2Z




, (B.7)

where âρρ = 2(T−1)2

T 2

∑N
i=1(σ̂

2
ε/ŵ

2
i − 1)2 + 2(2T−3)

T

∑N
i=1(σ̂

2
ε/ŵ

2
i − 1) + (T − 1).

Therefore, the resulting LM test statistic for testing Hb
0 : ρ = 0 (given α 6= 0) is

LMb = D(θ̂)′Ĵb(θ)−1D(θ̂) = Ĵb(θ)ρρD(ρ̂)2 (B.8)

where Ĵb(θ)ρρ is the element of the estimate of the inverse information matrix correspond-

ing to ρ evaluated under H0. Under the null hypothesis, LMb in (A.21) is asymptotically

distributed as χ2(1).
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Appendix 3

Let us consider the LM test for α2 = · · · = αp = 0 (given σ2
µ > 0 and ρ > 0). The null

hypothesis for this model is

Hc
0 : α2 = · · · = αp = 0(given σ2

µ > 0 and ρ > 0) vs Hc
1 : not H0 (C.1)

The variance-covariance matrix of the disturbances is given by (A.1). Under Hc
0 we obtain

Ω = σ2
µ(IN ⊗ JT ) + (IN ⊗ V )

= σ2
µ(IN ⊗ JT ) + σ2

ε(IN ⊗ Σ), (C.2)

where Σ = 1
1−ρ2 R, where R is the AR(1) correlation matrix. It is well established, see for

e.g. Kadiyala(1968), that

C =




(1− ρ2)1/2 0 0 · · · 0 0 0
−ρ 1 0 · · · 0 0 0
...

...
...

...
...

. . .
...

0 0 0 · · · −ρ 1 0
0 0 0 · · · 0 −ρ 1




(C.3)

transform the usual AR(1) model into a serially uncorrelated regression with independent

observations. Therefore, one can obtain the transformed covariance matrix and given by

Ω∗ = (IN ⊗ C) Ω (IN ⊗ C ′)

= σ2
µ(IN ⊗ CJT C ′) + σ2

ε(IN ⊗ IT )

= σ2
µ(1− ρ)2(IN ⊗ Jδ

T ) + σ2
ε(IN ⊗ IT )

=
(
d2σ2

µ(1− ρ)2IN ⊗ J̄δ
T ) + σ2

ε(IN ⊗ IT )

= λ2(IN ⊗ J̄δ
T ) + σ2

ε(IN ⊗ Eδ
T ) (C.4)

where Cι̇T = (1 − ρ)ι̇δT , ι̇δT = (δ, 1, · · · , 1)′, δ =
√

1+ρ
1−ρ

, d2 = ι̇δT
′ι̇δTi

= δ2 + T − 1 and

λ2 = d2σ2
µ(1− ρ)2 + σ2

ε .

Therefore, Ω∗−1 given by

Ω∗−1 =
1

λ2 (IN ⊗ J̄δ
T ) +

1

σ2
ε

(IN ⊗ Eδ
T ). (C.5)
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Since Ω is related to Ω∗ by Ω∗ = (IN ⊗ C) Ω (IN ⊗ C ′), Ω−1 is given by

Ω−1 = (IN ⊗ C ′) Ω∗−1 (IN ⊗ C)

= (IN ⊗ C ′)
( 1

λ2 IN ⊗ J̄δ
T

)
(IN ⊗ C) + (IN ⊗ C ′)

( 1

σ2
ε

IN ⊗ Eδ
T

)
(IN ⊗ C)

=
1

λ2 (IN ⊗ C ′J̄δ
T C) +

1

σ2
ε

(IN ⊗ C ′C)− 1

σ2
ε

(IN ⊗ C ′J̄δ
T C)

=
1

σ2
ε

(IN ⊗ Σ−1)−
( 1

σ2
ε

− 1

λ2

)
(IN ⊗ C ′J̄δ

T C)

=
1

σ2
ε

(IN ⊗ Σ−1)−
( 1

σ2
ε

− 1

λ2

) 1

d2(1− ρ)2
(IN ⊗ Σ−1JT Σ−1)

=
1

σ2
ε

(IN ⊗ Σ−1)−
( σ2

µ

σ2
ελ

2

)
(IN ⊗ Σ−1JT Σ−1) (C.6)

where the last equation follows from ι̇δT = Cι̇T /(1− ρ) and C ′C = Σ−1.

1) Partial Derivatives

Using the formula of Hemmerle and Hartly (1973), we obtain

∂Ω

∂ρ
=

∂

∂ρ

( σ2
ε

1− ρ2
(IN ⊗R)

)

= σ2
ε

( 2ρ

(1− ρ2)2
(IN ⊗R) +

1

1− ρ2
(IN ⊗ F )

)

=
σ2

ε

1− ρ2

(
2ρ(IN ⊗ Σ) + (IN ⊗ F )

)

∂Ω

∂αk

=
∂

∂αk

diag(h(z′iα))⊗ JT

= h′(α1)
(
diag(zik)⊗ JT

)
, k = 1, · · · , p (C.7)

where

F =
∂R

∂ρ
=




0 1 2ρ · · · (T − 1)ρT−2

1 0 1 · · · (T − 2)ρT−3

...
...

...
...

...
(T − 1)ρT−2 (T − 2)ρT−3 (T − 3)ρT−4 · · · 0




Also, we obtain the following quantities,

Ω−1 ∂Ω

∂σ2
ε

∣∣∣
Hc

0

=
1

σ̂2
ε

{
(IN ⊗ Σ̂−1)−

( σ̂2
µ

λ̂
2

)
(IN ⊗ Σ̂−1JT Σ̂−1)

}
(IN ⊗ Σ̂)

40



=
1

σ̂2
ε

[
(IN ⊗ IT )−

( σ̂2
µ

λ̂
2

)
(IN ⊗ Σ̂−1JT )

]

Ω−1∂Ω

∂ρ

∣∣∣
Hc

0

=
1

σ̂2
ε

{
(IN ⊗ Σ̂−1)−

( σ̂2
µ

λ̂
2

)
(IN ⊗ Σ̂−1JT Σ̂−1)

}{ σ̂2
ε

1− ρ̂2

(
2ρ̂(IN ⊗ Σ̂) + (IN ⊗ F̂ )

)}

=
1

1− ρ̂2

{
2ρ̂(IN ⊗ IT ) + (IN ⊗ Σ̂−1F̂ )−

(2ρ̂σ̂2
µ

λ̂
2

)
(IN ⊗ Σ̂−1JT )

−
( σ̂2

µ

λ̂
2

)
(IN ⊗ Σ̂−1JT Σ̂−1F̂ )

}

Ω−1 ∂Ω

∂αk

∣∣∣
Hc

0

=
1

σ̂2
ε

{
(IN ⊗ Σ̂−1)−

( σ̂2
µ

λ̂
2

)
(IN ⊗ Σ̂−1JT Σ̂−1)

}{
h′(α̂1)

(
diag(zik)⊗ JT

)}

=
h′(α̂1)

σ̂2
ε

{
(diag(zik)⊗ Σ̂−1JT )−

( σ̂2
µ

λ̂
2

)
(diag(zik)⊗ Σ̂−1JT Σ̂−1JT )

}
. (C.8)

Therefore, we obtain the following partial derivatives with respect to θ = (σ2
ε ,α, ρ)′ under

Hc
0 :

∂L

∂σ2
ε

∣∣∣
Hc

0

= −1

2
tr

[
Ω−1 ∂Ω

∂σ2
ε

]
+

1

2
û′

[
Ω−1 ∂Ω

∂σ2
ε

Ω−1
]
û

= −1

2
tr

[ 1

σ̂2
ε

(
(IN ⊗ IT )−

( σ̂2
µ

λ̂
2

)
(IN ⊗ Σ̂−1JT )

)]

+
1

2
û′

[{ 1

σ̂2
ε

(IN ⊗ Σ̂−1
)
−

( σ̂2
µ

σ̂2
ε λ̂

2

)
(IN ⊗ Σ̂−1JT Σ̂−1)

}(
IN ⊗ Σ̂

)

·
{ 1

σ̂2
ε

(IN ⊗ Σ̂−1
)
−

( σ̂2
µ

σ̂2
ε λ̂

2

)
(IN ⊗ Σ̂−1JT Σ̂−1)

}]
û

= − 1

2σ̂2
ε

[
NT −

(Nd2(1− ρ̂)2σ̂2
µ

λ̂
2

)]

+
1

2
û′

[{ 1

σ̂2
ε

(IN ⊗ Σ̂−1
)
−

( σ̂2
µ

σ̂2
ε λ̂

2

)
(IN ⊗ Σ̂−1JT Σ̂−1)

}(
IN ⊗ Σ̂

)

·
{ 1

σ̂2
ε

(IN ⊗ Σ̂−1
)
−

( σ̂2
µ

σ̂2
ε λ̂

2

)
(IN ⊗ Σ̂−1JT Σ̂−1)

}]
û

= 0 (C.9)

∂L

∂ρ

∣∣∣
Hc

0

= −1

2
tr

[
Ω−1∂Ω

∂ρ

]
+

1

2
û′

[
Ω−1∂Ω

∂ρ
Ω−1

]
û
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=
1

1− ρ̂2 tr
[{

2ρ̂(IN ⊗ IT ) + (IN ⊗ Σ̂−1F̂ )−
(2ρ̂σ̂2

µ

λ̂
2

)
(IN ⊗ Σ̂−1JT )

−
( σ̂2

µ

λ̂
2

)
(IN ⊗ Σ̂−1JT Σ̂−1F̂ )

}]

+
1

2σ̂4
ε

û′
[{(

IN ⊗ Σ̂−1
)
−

( σ̂2
µ

λ̂
2 IN ⊗ Σ̂−1JT Σ̂−1

)}
·
{ σ̂2

ε

1− ρ̂2

(
2ρ̂ (IN ⊗ Σ̂) + (IN ⊗ F̂ )

)}

·
{(

IN ⊗ Σ̂−1
)
−

( σ̂2
µ

λ̂
2 IN ⊗ Σ̂−1JT Σ̂−1

)}]
û

=
1

1− ρ̂2

[
2ρ̂NT + Ntr(Σ̂−1F̂ )−

(2ρ̂σ̂2
µNd2(1− ρ̂)2

λ̂
2

)
−

(Nσ̂2
µ

λ̂
2

)
ι̇′T Σ̂−1F̂ Σ̂−1ι̇T

}]

+
1

2σ̂4
ε

û′
[{(

IN ⊗ Σ̂−1
)
−

( σ̂2
µ

λ̂
2 IN ⊗ Σ̂−1JT Σ̂−1

)}
·
{ σ̂2

ε

1− ρ̂2

(
2ρ̂ (IN ⊗ Σ̂) + (IN ⊗ F̂ )

)}

·
{(

IN ⊗ Σ̂−1
)
−

( σ̂2
µ

λ̂
2 IN ⊗ Σ̂−1JT Σ̂−1

)}]
û

= 0 (C.10)

∂L

∂α1

∣∣∣
Hc

0

= −1

2
tr

[
Ω−1 ∂Ω

∂α1

]
+

1

2
û′

[
Ω−1 ∂Ω

∂α1

Ω−1
]
û

= −1

2
tr

[h′(α̂1)

σ̂2
ε

{
(diag(zi1)⊗ Σ̂−1JT )−

( σ̂2
µ

λ̂
2

)
(diag(zi1)⊗ Σ̂−1JT Σ̂−1JT )

}]

+
1

2σ̂4
ε

û′
[{(

IN ⊗ Σ̂−1
)
−

( σ̂2
µ

λ̂
2 IN ⊗ Σ̂−1JT Σ̂−1

)}{
h′(α̂1)

(
diag(zi1)⊗ JT

)}

·
{(

IN ⊗ Σ̂−1
)
−

( σ̂2
µ

λ̂
2 IN ⊗ Σ̂−1JT Σ̂−1

)}]
û

= −h′(α̂1)

2σ̂2
ε

[
d2(1− ρ̂)2

N∑

i=1

zi1 −
σ̂2

µd
4(1− ρ̂)4

λ̂
2

N∑

i=1

zi1

]

+
h′(α̂1)

2σ̂4
ε

û′
[{(

IN ⊗ Σ̂−1
)
−

( σ̂2
µ

λ̂
2 IN ⊗ Σ̂−1JT Σ̂−1

)}{(
diag(zi1)⊗ JT

)}

·
{(

IN ⊗ Σ̂−1
)
−

( σ̂2
µ

λ̂
2 IN ⊗ Σ̂−1JT Σ̂−1

)}]
û

= −h′(α̂1)

2σ̂2
ε

d̂2(1− ρ̂)2
[
1− σ̂2

µd̂
2(1− ρ̂)2

λ̂
2

] N∑

i=1

zi1

+
h′(α̂1)

2σ̂4
ε

û′
[
diag(zi1)⊗

(
Σ̂−1JT Σ̂−1 − 2

σ̂2
µ

λ̂
2 Σ̂−1JT Σ̂−1JT Σ̂−1
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+
σ̂4

µ

λ̂
4 Σ̂−1JT Σ̂−1JT Σ̂−1JT Σ̂−1

)]
û

= −h′(α̂1)d̂
2(1− ρ̂)2

2λ̂
2

N∑

i=1

zi1 +
h′(α̂1)

2σ̂4
ε

N∑

i=1

zi1û
′
iÂûi

=
h′(α̂1)d̂

2(1− ρ̂)2

2λ̂
2

N∑

i=1

( λ̂
2

d̂2(1− ρ̂)2σ̂4
ε

û′iÂûi − 1
)

= 0 (C.11)

∂L

∂αk

∣∣∣
Hc

0

= D(α̂k) = −1

2
tr

[
Ω−1 ∂Ω

∂αk

]
+

1

2
û′

[
Ω−1 ∂Ω

∂αk

Ω−1
]
û

= −1

2
tr

[h′(α̂1)

σ̂2
ε

{
(diag(zik)⊗ Σ̂−1JT )−

( σ̂2
µ

λ̂
2

)
(diag(zik)⊗ Σ̂−1JT Σ̂−1JT )

}]

+
1

2σ̂4
ε

û′
[{(

IN ⊗ Σ̂−1
)
−

( σ̂2
µ

λ̂
2 IN ⊗ Σ̂−1JT Σ̂−1

)}{
h′(α̂1)

(
diag(zik)⊗ JT

)}

·
{(

IN ⊗ Σ̂−1
)
−

( σ̂2
µ

λ̂
2 IN ⊗ Σ̂−1JT Σ̂−1

)}]
û

= −h′(α̂1)

2σ̂2
ε

[
d2(1− ρ̂)2

N∑

i=1

zik −
σ̂2

µd
4(1− ρ̂)4

λ̂
2

N∑

i=1

zik

]

+
h′(α̂1)

2σ̂4
ε

û′
[{(

IN ⊗ Σ̂−1
)
−

( σ̂2
µ

λ̂
2 IN ⊗ Σ̂−1JT Σ̂−1

)}{(
diag(zik)⊗ JT

)}

·
{(

IN ⊗ Σ̂−1
)
−

( σ̂2
µ

λ̂
2 IN ⊗ Σ̂−1JT Σ̂−1

)}]
û

= −h′(α̂1)

2σ̂2
ε

d̂2(1− ρ̂)2
[
1− σ̂2

µd̂
2(1− ρ̂)2

λ̂
2

] N∑

i=1

zik

+
h′(α̂1)

2σ̂4
ε

û′
[
diag(zik)⊗

(
Σ̂−1JT Σ̂−1 − 2

σ̂2
µ

λ̂
2 Σ̂−1JT Σ̂−1JT Σ̂−1

+
σ̂4

µ

λ̂
4 Σ̂−1JT Σ̂−1JT Σ̂−1JT Σ̂−1

)]
û

= −h′(α̂1)d̂
2(1− ρ̂)2

2λ̂
2

N∑

i=1

zik +
h′(α̂1)

2σ̂4
ε

N∑

i=1

zikû
′
iÂûi

=
h′(α̂1)d̂

2(1− ρ̂)2

2λ̂
2

N∑

i=1

zik

( λ̂
2

d̂2(1− ρ̂)2σ̂4
ε

û′iÂûi − 1
)
, k = 2, · · · , p (C.12)
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where û = y−Xβ̂GLS is the maximum likelihood residuals under the null hypothesis Hc
0, ρ̂,

σ̂2
ε and α̂1 is the ML estimates of ρ, σ2

ε and α1, respectively. Also, σ̂2
µ is the value of h(α̂1)

and h′(α̂1) is the evaluated value of ∂h(z′iα)/ ∂z′iα when α2 = · · · = αp = 0. In addition,

the second equality of ∂L
∂α1

∣∣∣
Hc

0

and ∂L
∂αk

∣∣∣
Hc

0

uses the fact that tr(Σ−1JT ) = tr(ι̇′T Σ−1ι̇T ) =

d2(1 − ρ)2 and tr(Σ−1JT Σ−1JT ) = tr(ι̇′T Σ−1ι̇T )2 = d4(1 − ρ)4, and Â =
(
Σ̂−1JT Σ̂−1 −

2
σ̂2

µ

λ̂
2 Σ̂−1JT Σ̂−1JT Σ̂−1 +

σ̂4
µ

λ̂
4 Σ̂−1JT Σ̂−1JT Σ̂−1JT Σ̂−1

)
, ûi = (ûi1, · · · , ûiT )′.

Thus, the partial derivatives under Hc
0 are rewritten in vector form as

Dc(θ̂) =




D(σ̂2
ε)

D(ρ̂)

D(α̂)




=




0

0

h′(α̂1)d̂
2(1− ρ̂)2

2λ̂
2 Z ′f




, (C.13)

where D(α̂) = (0, D(α̂2), · · · , D(α̂p))
′, and Z = (z1, · · · , zN)′ and f = (f1, · · · , fN)′, where

fi = λ̂
2

d̂2(1−ρ̂)2σ̂4
ε
û′iÂûi − 1.

2) Information Matrix

Also, using the the formula of Harville (1977), we obtain

E
[
− ∂2L

∂(σ2
ε)

2

]
Hc

0

=
1

2
tr

[{ 1

σ̂2
ε

(IN ⊗ IT )− σ̂2
µ

σ̂2
ε λ̂

2 (IN ⊗ Σ̂−1JT )
}2]

=
1

2
tr

[ 1

σ̂4
ε

(IN ⊗ IT )− 2
σ̂2

µ

σ̂4
ε λ̂

2 (IN ⊗ Σ̂−1JT ) +
σ̂4

µ

σ̂4
ε λ̂

4 (IN ⊗ Σ̂−1JT Σ̂−1JT )
]

=
NT

2σ̂4
ε

− σ̂2
µ

σ̂4
ε λ̂

2 tr
[
(IN ⊗ ι̇′T Σ̂−1ι̇T )

]
+

σ̂4
µ

2σ̂4
ε λ̂

4 tr
[(

IN ⊗ (ι̇′T Σ̂−1ι̇T )(ι̇′T Σ̂−1ι̇T )
)]

=
NT

2σ̂4
ε

− Nσ̂2
µd̂

2(1− ρ̂)2

σ̂4
ε λ̂

2 +
Nσ̂4

µd̂
4(1− ρ̂)4

2σ̂4
ε λ̂

4

=
N

2σ̂4
ε

(
1− 2

σ̂2
µd̂

2(1− ρ̂)2

λ̂
2 +

σ̂4
µd̂

4(1− ρ̂)4

λ̂
4 + (T − 1)

)

=
N

2σ̂4
ε

(
1− σ̂2

µd̂
2(1− ρ̂)2

λ̂
2

)2
+

N(T − 1)

2σ̂4
ε
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=
N

2

( 1

λ̂
4 +

T − 1

σ̂4
ε

)

= Ĉ(ε, ε) (C.14)

E
[
− ∂2L

∂σ2
ε∂ρ

]
Hc

0

=
1

2
tr

[ 1

σ̂2
ε

{
(IN ⊗ IT )− σ̂2

µ

λ̂
2 (IN ⊗ Σ̂−1JT )

}

· 1

1− ρ̂2

{
2ρ̂(IN ⊗ IT ) + (IN ⊗ Σ̂−1F̂ )− 2

ρ̂σ̂2
µ

λ̂
2 (IN ⊗ Σ̂−1JT )

− σ̂2
µ

λ̂
2 (IN ⊗ Σ̂−1JT Σ̂−1F̂

)}]

=
1

2(1− ρ̂2)σ̂2
ε

tr
[
2ρ̂(IN ⊗ IT ) + (IN ⊗ Σ̂−1F̂ )

−2
2ρ̂σ̂2

µ

λ̂
2 (IN ⊗ Σ̂−1JT )− 2

σ̂2
µ

λ̂
2 (IN ⊗ Σ̂−1JT Σ̂−1F̂ )

+
2ρ̂σ̂4

µ

λ̂
4 (IN ⊗ Σ̂−1JT Σ̂−1JT ) +

σ̂4
µ

λ̂
4 (IN ⊗ Σ̂−1JT Σ̂−1JT Σ̂−1F̂ )

]

=
1

2(1− ρ̂2)σ̂2
ε

[
2ρ̂NT + Ntr(Σ̂−1F̂ )− 4

Nd̂2(1− ρ̂)2σ̂2
µρ̂

λ̂
2

−2
Nσ̂2

µ

λ̂
2 (ι̇′T Σ̂−1F̂ Σ̂−1ι̇T ) + 2

Nd̂4(1− ρ̂)4σ̂4
µρ̂

λ̂
4

+
Nd̂2(1− ρ̂)2σ̂4

µ

λ̂
4 (ι̇′T Σ̂−1F̂ Σ̂−1ι̇T )

]

=
1

2(1− ρ̂2)σ̂2
ε

[
2Nρ̂

( d̂4(1− ρ̂)4σ̂4
µ

λ̂
4 − 2

d̂2(1− ρ̂)2σ̂2
µ

λ̂
2 + T

)

−Nσ̂2
µ

λ̂
2 (ι̇′T Σ̂−1F̂ Σ̂−1ι̇T )

(
2− d̂2(1− ρ̂)2σ̂2

µ

λ̂
2

)
+ Ntr(Σ̂−1F̂ )

]

=
1

2(1− ρ̂2)σ̂2
ε

[
2Nρ̂

( σ̂4
ε

λ̂
4 + T − 1

)
− Nσ̂2

µ

λ̂
2 (ι̇′T Σ̂−1F̂ Σ̂−1ι̇T )

(
1 +

σ̂2
ε

λ̂
2

)

+Ntr(Σ̂−1F̂ )
]

=
N

2(1− ρ̂2)σ̂2
ε

[
2ρ̂

( σ̂4
ε

λ̂
4 + T − 1

)
− σ̂2

µ

λ̂
2 (ι̇′T Σ̂−1F̂ Σ̂−1ι̇T )

(
1 +

σ̂2
ε

λ̂
2

)

+tr(Σ̂−1F̂ )
]
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= Ĉ(ε, ρ) (C.15)

E
[
− ∂2L

∂σ2
ε∂αk

]
Hc

0

=
1

2
tr

[ 1

σ̂2
ε

{
(IN ⊗ IT )− σ̂2

µ

λ̂
2 (IN ⊗ Σ̂−1JT )

}

·h
′(α̂1)

σ̂2
ε

{
(diag(zik)⊗ Σ̂−1JT )−

( σ̂2
µ

λ̂
2

)
(diag(zik)⊗ Σ̂−1JT Σ̂−1JT )

}]

=
h′(α̂1)

2σ̂4
ε

tr
[
(diag(zik)⊗ Σ̂−1JT )− 2

( σ̂2
µ

λ̂
2

)
(diag(zik)⊗ Σ̂−1JT Σ̂−1JT )

+
( σ̂4

µ

λ̂
4

)
(diag(zik)⊗ Σ̂−1JT Σ̂−1JT Σ̂−1JT )

]

=
h′(α̂1)

2σ̂4
ε

[
d̂2(1− ρ̂)2

N∑

i=1

zik − 2
σ̂2

µ

λ̂
2 d̂4(1− ρ̂)4

N∑

i=1

zik +
σ̂4

µ

λ̂
4 d̂6(1− ρ̂)6

N∑

i=1

zik

]

=
h′(α̂1)d̂

2(1− ρ̂)2

2σ̂4
ε

N∑

i=1

zik

[
1− 2

σ̂2
µ

λ̂
2 d̂2(1− ρ̂)2 +

σ̂4
µ

λ̂
4 d̂4(1− ρ̂)4

]

=
h′(α̂1)d̂

2(1− ρ̂)2

2σ̂4
ε

N∑

i=1

zik

(
1− d̂2(1− ρ̂)2σ̂2

µ

λ̂
2

)2

=
h′(α̂1)d̂

2(1− ρ̂)2

2λ̂
4

N∑

i=1

zik

= a(ε,α)ι̇′NZ (C.16)

E
[
− ∂2L

∂ρ2

]
Hc

0

=
1

2

[ 1

(1− ρ̂2)2

{
2ρ̂(IN ⊗ IT ) + (IN ⊗ Σ̂−1F̂ )−

(2ρ̂σ̂2
µ

λ̂
2

)
(IN ⊗ Σ̂−1JT )

−
( σ̂2

µ

λ̂
2

)
(IN ⊗ Σ̂−1JT Σ̂−1F̂ )

}2]

=
1

2(1− ρ̂2)2
tr

[
4ρ̂2(IN ⊗ IT ) + (IN ⊗ Σ̂−1F̂ Σ̂−1F̂ )

+4
ρ̂2σ̂4

µ

λ̂
4 (IN ⊗ Σ̂−1JT Σ̂−1JT ) +

σ̂4
µ

λ̂
4 (IN ⊗ Σ̂−1JT Σ̂−1F̂ Σ̂−1JT Σ̂−1F̂ )

+4ρ̂(IN ⊗ Σ̂−1F̂ )− 8
ρ̂2σ̂2

µ

λ̂
2 (IN ⊗ Σ̂−1ĴT )

−4
ρ̂σ̂2

µ

λ̂
2 (IN ⊗ Σ̂−1JT Σ̂−1F̂ )− 4

ρ̂σ̂2
µ

λ̂
2 (IN ⊗ Σ̂−1F̂ Σ̂−1JT )
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−2
σ̂2

µ

λ̂
2 (IN ⊗ Σ̂−1F̂ Σ̂−1JT Σ̂−1F̂ ) + 4

ρ̂σ̂4
µ

λ̂
4 (IN ⊗ Σ̂−1JT Σ̂−1JT Σ̂−1F̂ )

]

=
1

2(1− ρ̂2)2

[
4ρ̂2NT + Ntr(Σ̂−1F̂ Σ̂−1F̂ ) + 4

Nd̂4(1− ρ̂)4σ̂4
µρ̂

2

λ4

+
Nσ̂4

µ

λ̂
4 (ι̇′T Σ̂−1F̂ Σ̂−1ι̇T )2 + 4ρ̂Ntr(Σ̂−1F̂ )− 8

Nd̂2(1− ρ̂)2σ̂2
µρ̂

2

λ̂
2

−8
Nρ̂σ̂2

µ

λ̂
2 (ι̇′T Σ̂−1F̂ Σ̂−1ι̇T )− 2

∑ Nσ̂2
µ

λ̂
2 (ι̇′T Σ̂−1F̂ Σ̂−1F̂ Σ̂−1ι̇T )

+4
Nd̂2(1− ρ̂)2σ̂4

µρ̂

λ̂
4 (ι̇′T Σ̂−1F̂ Σ̂−1ι̇T )

]

= Ĉ(ρ, ρ) (C.17)
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− ∂2L

∂ρ∂αk

]
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2
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[ 1

(1− ρ̂2)

{
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(2ρ̂σ̂2
µ

λ̂
2
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−
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2
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(IN ⊗ Σ̂−1JT Σ̂−1F̂ )

}
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σ̂2
ε
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(diag(zik)⊗ Σ̂−1JT )−
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µ
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(diag(zik)⊗ Σ̂−1JT Σ̂−1JT )
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=
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2(1− ρ̂2)σ̂2
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4 (diag(zik)⊗ Σ̂−1JT Σ̂−1JT Σ̂−1JT )
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µ

λ̂
4 (diag(zik)⊗ Σ̂−1JT Σ̂−1JT Σ̂−1JT Σ̂−1F̂ )

]

=
h′(α̂1)
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−4
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µ
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2

N∑
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2
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]
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=
h′(α̂1)

2(1− ρ̂2)σ̂2
ε

N∑

i=1

zik

[
2ρ̂d̂2(1− ρ̂)2

(
1− 2

d̂2(1− ρ̂)2σ̂2
µ
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d̂4(1− ρ̂)4σ̂4
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4

)

+(ι̇′T Σ̂−1F̂ Σ̂−1ι̇T )
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1− 2

d̂2(1− ρ̂)2σ̂2
µ
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ε
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4
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4
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i=1

zik

= a(ρ, α)ι̇′NZ (C.18)
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2
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ε
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}]
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]

=
h′(α̂1)

2

2σ̂4
ε

(
d̂4(1− ρ̂)4
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4
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)
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ε

N∑
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(
1− 2

d̂2(1− ρ̂)2σ̂2
µ

λ̂
2 +

d̂4(1− ρ̂)4σ̂4
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4

)
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4
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zikzil

= a(α,α)Z ′Z (C.19)

48



Therefore, information matrix under the null hypothesis Hc
0 can be obtained in matrix form

as

Ĵc(θ) =




Ĉ(ε, ε) Ĉ(ε, ρ) a(ε, α)ι̇′NZ

Ĉ(ε, ρ) Ĉ(ρ, ρ) a(ρ, α)ι̇′NZ

a(ε, α)Z ′ι̇N a(ρ, α)Z ′ι̇N a(α,α)Z ′Z




, (C.20)

where Ĉ(ε, ε), Ĉ(ε, ρ) and Ĉ(ρ, ρ) are given by (A.11), (A.12) and (A.14), respectively, and

a(ε, α), a(ρ, α), and a(α, α) are given by

a(ε,α) =
h′(α̂1)d̂

2(1− ρ̂)2

2λ̂
4

a(ρ,α) =
h′(α̂1)σ̂

2
ε

2(1− ρ̂2)λ̂
4

(
2ρ̂d̂2(1− ρ̂)2 + (ι̇′T Σ̂−1F̂ Σ̂−1ι̇T )

)

a(α,α) =
h′(α̂1)

2d̂4(1− ρ̂)4

2λ̂
4 . (C.21)

Let

A =




Ĉ(ε, ε) Ĉ(ε, ρ)

Ĉ(ε, ρ) Ĉ(ρ, ρ)


 , B =




a(ε, α)ι̇′NZ

a(ρ, α)ι̇′NZ


 ,

C = [ a(ε, α)Z ′ι̇N a(ρ, α)Z ′ι̇N ] , D = [ a(α,α)Z ′Z ] ,

then Ĵc(θ) can be written as

Ĵc(θ) =




A B

C D


 . (C.22)

Using Searle (), the inverse of partitioned matrix can be obtained as

Ĵc(θ)−1 =




0 0 0

0 0 0

0 0 D−1


 +




I2

−D−1C




(
A−BD−1C

)−1[
I2 −BD−1

]
. (C.23)

In (A.20), we obtain

D−1 =
1

a(α,α)
(Z ′Z)−1
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D−1C =
[ a(ε, α)

a(α,α)
(Z ′Z)−1Z ′ι̇N

a(ρ, α)

a(α,α)
(Z ′Z)−1Z ′ι̇N

]




I2

−D−1C


 =




1 0

0 1

a(ε,α)
a(α,α)

(Z ′Z)−1Z ′ι̇N
a(ρ,α)
a(α,α)

(Z ′Z)−1Z ′ι̇N




(C.24)

Thus,

Dc(θ̂)′



I2

−D−1C




=

(
0 0

h′(α̂1)d̂
2(1− ρ̂)2

2λ̂
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


=
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2(1− ρ̂)2

2λ̂
2

(
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)
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2

(
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a(α,α)
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a(α,α)

f ′ι̇N
)

= ( 0 0 ) , (C.25)

where the third equality uses the fact that the first column of Z is ι̇N and the last equality

follows from the first-order condition in (A.9).

Therefore, the LM statistic for the hypothesis Hc
0 is obtained by

LMc = D̂c(θ)′Ĵ−1
c (θ)D̂c(θ)

= D̂c(θ)′




0 0 0

0 0 0

0 0 D−1


 D̂c(θ)

+ D̂c(θ)′



I2

−D−1C




(
A−BD−1C

)−1[
I2 −BD−1

]
D̂c(θ)

= D(α̂)′D−1D(α̂)

=
(h′(α̂1)d̂

2(1− ρ̂)2

2λ̂
2

)2( 1

a(α,α)

)
f ′Z(Z ′Z)−1Z ′f
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=
(h′(α̂1)d̂

2(1− ρ̂)2

2λ̂
2

)2( 2λ̂
4

h′(α̂1)2d̂4(1− ρ̂)4

)
f ′Z(Z ′Z)−1Z ′f

=
1

2
f ′Z(Z ′Z)−1Z ′f (C.26)

The LM statistic in (A.23) is the familiar term used in testing the heteroscedasticity in

Breusch and Pagan (1979). Under the null hypothesis Hc
0, the LM statistic is asymptotically

distributed as χ2
p−1.
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