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Abstract

This note analyzes the asymptotic distribution for instrumental variables regression for
panel data when the available instruments are weak. We show that consistency can be

established in panel data.
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Abstract
This note analyzes the asymptotic distribution for instrumental variables regression for panel data
when the available instruments are weak. We show that consistency can be established in panel data.
Key Words: Weak Instrument; Two Stage Least Squares; Panel Data; Concentration Parameter.

1 DMotivation and Results

In recent year, economists have been concerned with the problem of weak instruments or partial identification,
see Stock, Wright and Yogo (2002) for an excellent survey. Economists found that the first stage F’ statistic in
the two stage least squares (2SLS) regression is often low, say, less than 10. In this case, the usual asymptotic
normal approximations can be quite poor, even if the number of observations is large. To provide better
asymptotic approximations in this case, Staiger and Stock (1997) derive the weak-instrument asymptotics
for instrumental variables estimators. Staiger and Stock show that the 2SLS is inconsistent (i.e., converges
to a random variable) and has a nonstandard limiting distribution. In this note we study the asymptotics
of 2SLS with weak instruments in panel models. We show that the consistency of 2SLS can be established
in panel data. We use (n,T) ¢ %0 to denote the sequential limit, i.e., n — oo followed by T — oo.

Consider the following panel linear IV regression model with a single endogenous regressor

yr = Y8+ uy (1)
and

Yy = Z 1+ v (2)
t=1,2,--- T, where y; and Y; are n x 1 vectors of observations on endogenous variables, Z; is a n X k

matrix of instruments, IT is a k& x 1 coefficient vector, and u; and v; are n x 1 vectors of disturbance terms.

*Address correspondence to: Chihwa Kao, Center for Policy Research, 426 Eggers Hall, Syracuse University, Syracuse, NY
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Let u;; and v;; be ith element of u; and v; respectively. The errors (u;, v;:) are assumed to be iid N (0, %),
where the elements of ¥ are 02, 0y, and 02, and let p = 0,/ (0,0,). In this note, the errors are assumed be
iid for simplicity. This assumption can be relaxed to weak dependence across time series and cross-section at
the expense of complicated notations and will be studied in a different paper. Equation (1) is the structural
equation and f is the scalar parameter of interest. The reduced-form equation (2) relates the endogenous
regressor to the instruments. As proposed by Staiger and Stock (1997), the following assumption is used to

describe the nature of weak instruments.
Assumption 1 II = C/\/n, where C is a k x 1 constant matriz.
The strength of instrument can be measured by the concentration parameter /\f7 which is defined as
N =1I'ZZ,11/c2.

Under Assumption 1 we obtain

N =1'ZZ,01)02 = C'Z,Z,C/ (no?) - C'QC /% = \? (3)
as n — oo where we assume for a give t,

%Z{Zt L.Q=E(Z2).

Then the panel 2SLS estimator is

T T
/BQSLS:Z (Y{ Pz,yt) /Z Y/ P7,Yy)
t=1 t=1

where Py, = Z,(Z,2,)"" Z|.

Theorem 1 Under assumption 1,

oupk
oy (N +E)’

. wpk 2N+ k(14 p?
ﬁ(ﬁzsLs—ﬁ—aap>L>N<Ova [ ( p)])

o (A + ) o2 (A + k)

BQSLS 5 B+

s (n,T) =



2 Proof and Discussion

1 T 1 T
Define Cltn = Yrt/PZf,ufd CQtn = )/t/PZt}/tﬂ §1Tn =T Zt:l gltN? and £2Tn =T Zt:l <2tn' Hence

T
23;1 (Y{ Pz,us) _ % Zt:l Citn _ §1rn
Z?:l (}/t/PZt }/t) % E;'le CQtn SZT”

We first present the following lemma:

B2SLS - B =

Lemma 1 Under Assumption 1

_ _ ' Zu, _ v;PztUt
1. Cipn = 000y (AZpy + Stuw) + 0p (1) as n — oo, where 2y, = P T and Sgyup = L,

' Zv v Pz, vy
ot and sy, = L2t

ouy/T 2L Z, 11 o3

2. (o = 02 ()\2 + 2X\ 240 + S1o0) + 0p (1) as n — oo, where z;, =

3. Eypy == oyoupk as (n, T) = oo,

4. Eyp, o 02 (AQ + k) as (n,T) = .

Proof. Consider (1) and (2). Following Rothenberg (1984), we know
Cipn = Y/Pgzuy =1 Zjuy + vy Pz, uy

H’ZthH H’Zéut +( ) <’U;PZtUt>
= 0,04 Tu0u
oy ou/ ' Z] Z,11 e

= Uvau)\tztu + (Uvau) Stuv

= OyOqy ()\tztu + stuv)
and
Cotn, = Yt/PZth = H/Zt/ZtH + QH/Z,ZUt + UéPZtUt

= 02\ + 207 H/ZtIQZtH W2 + o} (vQPZQtvt)
oy ou/ 11" Z, Z,11 oy

2,2 2 2
= O A + 205 20 + 0, Sun

= 012) (A% + 2M¢ 2y + stvu)
where
5 - H’Z{ut
N OZVATE
H/Zt/’l)t

v = T YY)
Y o I ZIZ



/
vy Pz, uy

Stuv = 3
OyOy
and
’
v Pz
Stvy = 2
UU

As stated in Rothenberg (1984), the (2, zs) is bivariate normal with zero means, unit variances, and
correlation coefficient p. The random variable s, has mean kp and variance k (1 + p2) and Sy, has mean
k and variance 2k.

It is clear that

Citn = Ouw0u ()\tztu + Stuv)

000y (AZtu + Stuw) + 0p (1)

= (i top(l)

and

C?tn = U’L2] ()‘? + 2)\tztv + Stvv)
= 02 (N + 2X2 + Sto0) +0p (1)

= (yt0p(1)

as n — oo where (1, = 0,04 (A2py + Stuw) and Cop = 02 ()\2 + 2z + stm)) .

Consider (3). As T' — oo,

T
1
ngn = T ZCltn — E (Cltn) =F (Uvau ()‘Ztu + Stuv)) = Gvgupk
t=1

by a law of large numbers (LLN) and F (zt,) = 0 and E (St ) = pk-.

Similarly,

T
1
atn = 3 Cam > B (Co) = B [0 (V2 #2021, + 5] = 72 (2 1)
t=1

proving (4). m
Proof of Theorem 1
Proof. For (1), recall that 3y5;¢ — 3 = 2% Using the Lemmas 1.3 and 1.4, we obtain

£1Tn p Uvoupk o Uupk‘
Earn _’6+ag (N + k) =5 oo (N + k)

BZSLS =p+



as (n,T) = oc.
Consider (2). First we write
g,
ve = E (vt|ug) + 1, = %ut + 1y
u

where 7, and u; are independent. Then

Var (¢y4)
= Var(oy,ou A2ty + Stuw))
= agai P\QVar (ztw) + Var (stun) + 2Cov (24, stm,)}
= o202 [)\2+k(1+p2)]
because Var (zz,) = 1, Var (sguy) = k (1 + p2) , and

Cov (2tu, Stuv)

= F (Ztustuv) -F (Ztu) E (Stuv)

= F <ztu LQPZt i )

Oy0uy
WP VP
= s (N M)
oz OOy

+ B

U Zjuy ( u} Py, ut)

ouy/IZ[ Z,11 o?

' Zjuy (n,@PZt ut>
O'u\/H/Z£ZtH OyOy

since

o Wz <17§Pztut>|u 0
o /IUZIZA \ 000y )"

since F (n,|ut) = 0 and

g ' Z{uy <pu,’5PZtut )] _0

ou/TZ] Z,11 o?

e.g., Corollary 10.9.2 in Graybill (1983).

By a central limit theorem we have

T
\/T(ng - UUU'upk) = % Z (Clt - Uvo'upk) i> N (070'12;05 [/\2 +A (1 + pQ)])
t=1

as T — oo.

Similarly,

T
1
§2Tn = T ZCQtn L) E (CQtn) = E [012) <>\2 + 2)"2“) + Stvv)] = 012) ()‘2 + k)
t=1



by a LLN. Then we have

; 0y0upk _ VT (€170 — 000 upk]
\/T (ﬂQSLS - /8 - 0_% ()\2 I k)) - £2Tn

a N (0,0303 [)\2 +k (1 + pz)])
o2 (N +k)

. <07 a2 [N+ k(1 +2p2)] )
o2 (\* + k)

Since o, 0., A2 and k are all positive, the sign of the bias term of panel 2SLS, BQSLS, is determined by p

(n,T) % 50 proving the theorem. m

which is the sample correlation of disturbance terms u; and v;. When p = 0, i.e., Y; is uncorrelated with wy,
[32 grg becomes consistent; when p has the same sign as 3, 32 s1g is overestimated; when p has a different
sign from S, Bygy g is underestimated.

Once oy,0,,p and \? are consistently estimated, the bias can be corrected by using a bias-corrected
estimator. For example, the bias-corrected estimator can be constructed as

BBCZSLS = BQSLS - % (4)
5o (X +k)
where 6,6, and p can be estimated from the residuals @;; of 2SLS regression and v;; of the first stage
regression. A consistent estimator of A can be constructed by following Moon and Phillips (2000).

In the cross-sectional case, when the concentration parameter stays constant as the sample size grows,
the signal of the model is too weak comparing to the noise. Hence the model is weakly identified, i.e., the
two stage least square estimator is inconsistent, and more importantly, 2SLS converge to a random variable.
However, in the panel set-up, if time series dimension is large, the weak signal can be strengthened by
repeating regression across the time series dimension. It is, in spirit, similar to the argument of establishing

the consistency in the panel spurious regression, e.g., Phillips and Moon (1999) and Kao (1999).
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